Tidal synchronization of an anelastic multi-layered body: Titan's
  synchronous rotation by Folonier, Hugo A. & Ferraz-Mello, Sylvio
Noname manuscript No.
(will be inserted by the editor)
Hugo Folonier · Sylvio Ferraz-Mello
Tidal synchronization of an anelastic multi-layered
body: Titan’s synchronous rotation.
October 12, 2018
the date of receipt and acceptance should be inserted later
Abstract Tidal torque drives the rotational and orbital evolution of planet-satellite and star-exoplanet
systems. This paper presents one analytical tidal theory for a viscoelastic multi-layered body with an
arbitrary number of homogeneous layers. Starting with the static equilibrium figure, modified to in-
clude tide and differential rotation, and using the Newtonian creep approach, we find the dynamical
equilibrium figure of the deformed body, which allows us to calculate the tidal potential and the forces
acting on the tide generating body, as well as the rotation and orbital elements variations. In the par-
ticular case of the two-layer model, we study the tidal synchronization when the gravitational coupling
and the friction in the interface between the layers is added. For high relaxation factors (low viscosity),
the stationary solution of each layer is synchronous with the orbital mean motion (n) when the orbit
is circular, but the rotational frequencies increase if the orbital eccentricity increases. This behavior is
characteristic in the classical Darwinian theories and in the homogeneous case of the creep tide theory.
For low relaxation factors (high viscosity), as in planetary satellites, if friction remains low, each layer
can be trapped in different spin-orbit resonances with frequencies n/2, n, 3n/2, 2n, . . .. When the fric-
tion increases, attractors with differential rotations are destroyed, surviving only commensurabilities
in which core and shell have the same velocity of rotation. We apply the theory to Titan. The main
results are: i) the rotational constraint does not allow us confirm or reject the existence of a subsurface
ocean in Titan; and ii) the crust-atmosphere exchange of angular momentum can be neglected. Using
the rotation estimate based on Cassini’s observation (Meriggiola et al. in Icarus 275:183-192, 2016),
we limit the possible value of the shell relaxation factor, when a deep subsurface ocean is assumed, to
γs . 10−9 s−1, which correspond to a shell’s viscosity ηs & 1018 Pa s, depending on the ocean’s thick-
ness and viscosity values. In the case in which a subsurface ocean does not exist, the maximum shell
relaxation factor is one order of magnitude smaller and the corresponding minimum shell’s viscosity is
one order higher.
Keywords Tidal friction · Synchronous rotation · Stationary rotation · Differentiated body · Creep
tide · Satellites · Titan · Gravitational coupling · Atmospheric torque
1 Introduction
Tidal torque is a key physical agent controlling the rotational and orbital evolution of systems with
close-in bodies and may give important clues on the physical conditions in which these systems origi-
nated and evolved. The viscoelastic nature of a real body causes a non-instantaneous deformation, and
the body continuously tries to recover the equilibrium figure corresponding to the varying gravitational
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2potential due to the orbital companion. In standard Darwin’s theory (e.g. Darwin, 1880; Kaula, 1964;
Mignard, 1979; Efroimsky and Lainey, 2007; Ferraz-Mello et al., 2008), the gravitational potential of
the deformed body is expanded in Fourier series, and the viscosity is introduced by means of ad hoc
phase lags in the periodic terms or, alternatively, an ad hoc constant time lag.
All these theories predict the existence of a stationary rotation. If the lags are assumed to be
proportional to the tidal frequencies, the stationary rotation has the frequency Ωstat ' n(1 + 6e2),
where n is the mean motion and e is the orbital eccentricity. The synchronous rotation is only possible
when the orbit is circular, but the stationary rotation becomes super-synchronous in the non-zero
eccentricity case. In these theories, the excess of rotation 6ne2 does not depend on the rheology of the
body. However, this prediction is not confirmed for Titan, where the excess provided by the theory is
∼ 38◦ per year, and the Cassini mission, using radar measurement, has not shown discrepancy from
synchronous motion larger than ∼ 0.02◦ per year (Meriggiola, 2012; Meriggiola et al., 2016). Standard
theories circumvent this difficulty by assuming that the satellite has an ad hoc triaxiality, which is
permanent and not affected by the tidal forces acting on the body.
Recently, a new tidal theory for viscous homogeneous bodies has been developed by Ferraz-Mello
(2013, 2015a) (hereafter FM13 and FM15, respectively). A Newtonian creep model, which results
from a spherical approximate solution of the Navier-Stokes equation for fluids with very low Reynolds
number, is used to calculate the surface deformation due to an anelastic tide. This deformation is
assumed to be proportional to the stress, and the proportionality constant γ, called the relaxation
factor, is inversely proportional to the viscosity of the body. In the creep tide theory, the excess of
synchronous rotation is roughly proportional to 6nγ2e2/(n2 + γ2). This result reproduces the result
obtained with Darwin’s theory in the limit γ >> n (gaseous bodies), but tends to zero when γ → 0
reproducing the almost synchronous rotation of stiff satellites, without the need of assuming an ad hoc
permanent triaxiality. The asymmetry created by the tidal deformation of the satellite is enough to
create the torques responsible for its almost synchronous rotation.
Tidal theories founded on hydrodynamical equations were also developed by Zahn, (1966) and
Remus et al. (2012).
A planar theory using a Maxwell viscoelastic rheology and leading to similar results was developed
by Correia et al. (2014) and generalized later to the spatial case by Boue´ et al. (2016). Despite the
different methods used to introduce the elasticity of the body, this approach is virtually equivalent to
the creep tide theory (Ferraz-Mello, 2015b). Other general rheologies were studied by Henning et al.
(2008) and Frouard et al. (2016).
However, real celestial bodies are quite far from being homogeneous, and how the tide influences
its dynamic evolution is not entirely clear yet. Differentiation is common in our Solar System, and
several satellites present evidence of a subsurface liquid ocean. We may cite, for instance, Europa
(Wahr et al., 2006; Khurana et al., 1998) and Enceladus (Porco et al., 2006; Nimmo et al., 2007).
One paradigmatic case is Titan, where, in addition, the exchange of a certain amount of angular
momentum between the surface and the atmosphere may be important (Tokano and Neubauer, 2005;
Richard et al., 2014); in addition, the presence of an internal ocean (Tobie et al., 2005; Lorenz et al.,
2008, Sohl et al., 2014) may decouple rotationally the crust from the interior (Karatekin et al., 2008).
The rotation of the crust has been studied by Van Hoolst et al. (2008) using the static tide and internal
effects as gravitational coupling and pressure torques. They found that the crust rotation is influenced
mainly by the atmosphere and the Saturn torque and claim that the viscous crust deformation and
the non-hydrostatic effects could play an important role in the amplitude of the crust oscillation.
Here, we extend the planar creep tide theory to the case of a viscoelastic body formed by N
homogeneous layers and study the stationary rotation of the particular case N = 2. Adapting the
multi-layered Roche static figure, given by Folonier et al. (2015), to include differential rotation, we
solve the creep tide equation for each layers interface. Moreover, we add the gravitational coupling and
the friction in the interface between the layers.
The layout of the paper is as follows: in Sect. 2 we present the creep tide model for a multi-layered
body, using the static equilibrium figure of Folonier et al. (2015), adapted to include the differential
rotation. In Sect. 3, we compute the disturbing potential of the deformed body. The forces and toques
are calculated in Sects. 4 and 5. In Sect. 6 we calculate the work done by the tidal forces acting on
the bodies. The variations in semi-major axis and eccentricity are shown in Sect. 7. In Sect. 8, we
develop the two-layer model, adding the interaction torques between the core and the shell. In Sect.
9, we compare the two-layer model with the homogeneous theory. In Sect. 10, we apply to Titan, and,
3finally, the conclusions are presented in Sect. 11. The paper is completed by several appendices where
are given technical details of some of the topics presented in the forthcoming sections. In addition, an
Online Supplement is provided with further details, not worthy of inclusion in the paper but useful for
the reproduction of several developments.
2 Non-homogeneous Newtonian creep tide theory
Let us consider one differentiated body m of mass mT , disturbed by one mass point M of mass M
orbiting at a distance r from the center of m. We assume that the body is composed of N homogeneous
layers of densities di (i = 1, . . . , N) and angular velocities Ωi, perpendicular to the orbital plane.
The outer surface of the ith layer is ζi(ϕ̂i, θ̂i, t), where ζi is the distance of the surface points to the
center of gravity of m and the angles ϕ̂i, θ̂i are their longitudes and co-latitudes in a fixed reference
system. At each instant, we assume that the static equilibrium figure of each layer under the action of
the tidal potential and the rotation may be approximated by a triaxial ellipsoidal equilibrium surface
ρi(ϕ̂i, θ̂i, t), whose semi-major axis is oriented towards M.
The adopted rheophysical approach is founded on the simple law
ζ˙i = γi(ρi − ζi), (1)
where γi is the relaxation factor at the outer surface of the ith layer. This is a radial deformation rate
gradient related to the viscosity through (see Appendix 1)
γi =
(di − di+1)giRi
2ηi
, (2)
where Ri and gi are the equatorial mean radius and the gravity acceleration at the outer surface of
the ith layer. ηi is the viscosity of the inner layer (assumed to be larger than that of the outermost
layers).
Although the creep equation is valid in a reference system co-rotating with the body, we can use the
coordinates in a fixed reference system. This is because only relative positions appear in the right-hand
side of the creep equation. If ϕ̂F is the longitude of a point in one frame fixed in the body, then we
have
ϕ̂i = ϕ̂F +Ωit. (3)
2.1 The static equilibrium figure
The static equilibrium figure of one body composed by N homogeneous layers, under the action of
the tidal potential and the non-synchronous rotation, when all layers rotate with the same angular
velocity, was calculated by Folonier et al. (2015).1In this work, we need, beforehand, to extend these
results to the case in which each layer has one different angular velocity.
We assume that each layer has an ellipsoidal shape with outer semiaxes ai, bi and ci, where the
axis ai is pointing towards M and ci is the axis of rotation. Then, the equatorial prolateness 
(i)
ρ and
polar oblateness 
(i)
z of the outer surface of the ith layer can be written as
(i)ρ =
ai − bi
Ri
= Hiρ; (i)z =
bi − ci
Ri
= Giz, (4)
where Ri =
√
aibi is the outer equatorial mean radius of the ith layer, ρ is the flattening of the equiv-
alent Jeans homogeneous spheroid and z is the flattening of the equivalent MacLaurin homogeneous
spheroid in synchronous rotation:
ρ =
15MR3N
4mT r3
; z =
5n2R3N
4GmT
. (5)
1 Although considering first-order deformations (linear theory for the flattenings) the results of Folonier et
al. (2015) are in excellent agreement with the results founded on a high-order perturbative method of Wahl et
al. (2017).
4Here, G is the gravitation constant, RN is the equatorial mean radius of m and n is the mean motion
of M. The Clairaut’s coefficients Hi and Gi depend on the internal structure and are (see Appendix 2)
Hi =
N∑
j=1
(E−1)ijx3j ; Gi =
N∑
j=1
(E−1)ijx3j
(
Ωj
n
)2
, (6)
where (E−1)ij are the elements of the inverse of the matrix E, whose elements are
(E)ij =

− 3
2fN
(d̂j − d̂j+1)x3i , i < j
− 3
2fN
(d̂i − d̂i+1)x3i +
5
2
− 5
2fN
N∑
k=i+1
(d̂k − d̂k+1)(x3k − x3i ), i = j
− 3
2fN
(d̂j − d̂j+1)
x5j
x2i
, i > j
(7)
where xi = Ri/RN and d̂i = di/d1 are the normalized mean equatorial radius and density, respectively,
and fN = 3
∫ 1
0
d̂(z)z2 dz.
Finally, the static ellipsoidal surface equation of the outer boundary of the ith layer, to first order
in the flattenings, can be written as
ρi = Ri
(
1 +
1
2
(i)ρ sin
2 θ̂ cos (2ϕ̂i − 2ϕM )−
(
1
2
(i)ρ + 
(i)
z
)
cos2 θ̂
)
, (8)
(see Section A in the Online Supplement), where ϕM is the longitude of M in the same fixed reference
system used to define ϕ̂i.
2.2 The creep equation
Using the static equilibrium surface (8), the creep equation (1) becomes
ζ˙i + γiζi = γiRi
(
1 +
1
2
(i)ρ sin
2 θ̂ cos (2ϕ̂i − 2$ − 2v)−
(
1
2
(i)ρ + 
(i)
z
)
cos2 θ̂
)
, (9)
where $ and v are the longitude of the pericenter and the true anomaly, respectively.
For resolving the creep differential equation, we proceed in a similar way as FM13 and FM15. We
consider the two-body Keplerian motion. The equations of the Keplerian motion of M are
r =
a(1− e2)
1 + e cos v
, (10)
and
v = `+
(
2e− e
3
4
)
sin `+
5e2
4
sin 2`+
13e2
12
sin 3`+O(e4), (11)
where a, e, ` are the semi-major axis, the eccentricity, and the mean anomaly, respectively.
The resulting equation is then an ordinary differential equation of first order with forced terms that
may be written as
ζ˙i + γiζi = γiRi
(
1 +
∑
k∈Z
(
Cik sin2 θ̂ cosΘik + C′′ik cos2 θ̂ cosΘ′′ik
))
, (12)
where the arguments of the cosines Θik, Θ
′′
ik are linear functions of the time
Θik = 2ϕ̂i − 2$ + (k − 2)`; Θ′′ik = k`. (13)
5The constants Cik, C′′ik are
Cik = 1
2
HiρE2,k; C′′ik = −
1
2
HiρE0,k − δ0,kGiz, (14)
where δ0,k is the Kronecker delta (δ0,k = 1 when k = 0 and δ0,k = 0 when k 6= 0), the constant ρ is
ρ =
15MR3N
4mTa3
, (15)
and Eq,p are the Cayley functions (Cayley, 1861), defined by
Eq,p(e) =
1
2pi
∫ 2pi
0
(a
r
)3
cos (qv + (p− q)`) d`. (16)
After integration, we obtain the forced terms
δζi = Ri
∑
k∈Z
(
Cik sin2 θ̂ cosσik cos (Θik − σik) + C′′ik cos2 θ̂ cosσ′′ik cos (Θ′′ik − σ′′ik)
)
. (17)
The phases σik and σ
′′
ik are
tanσik =
νi + kn
γi
; cosσik =
γi√
γ2i + (νi + kn)
2
; sinσik =
νi + kn√
γ2i + (νi + kn)
2
tanσ′′ik =
kn
γi
; cosσ′′ik =
γi√
γ2i + (kn)
2
; sinσ′′ik =
kn√
γ2i + (kn)
2
, (18)
where
νi = 2Ωi − 2n, (19)
is the semi-diurnal frequency. These phases are introduced during the exact integration of the creep
equation (12).
If we define the angles
δik = 2$ − (k − 2)`+ σik; δ′′ik = k`− σ′′ik, (20)
and the equatorial and polar flattenings
(ik)ρ = 2Cik cosσik; (ik)z = −C′′ik cosσ′′ik cos δ′′ik −

(ik)
ρ
2
, (21)
the solution (17) can be written as
δζi = Ri
∑
k∈Z
(
1
2
(ik)ρ sin
2 θ̂ cos (2ϕ̂i − δik)−
(
1
2
(ik)ρ + 
(ik)
z
)
cos2 θ̂
)
, (22)
which has a simple geometric interpretation: using Eq. (8), we can identify each term of the Fourier
expansion of the height δζi, with the boundary height of one ellipsoid, with equatorial and polar
flattenings 
(ik)
ρ and 
(ik)
z , respectively, rotated at an angle δik/2, with respect to the axis x.
63 The disturbing potential
The potential of the ith layer of m at a generic point M∗(r∗, θ∗, ϕ∗) external to this layer, can be
written as the potential of one spherical shell of outer and inner radii Ri and Ri−1, respectively, plus
the disturbing potential due to the mass excess or deficit corresponding to the outer and the inner
boundary heights δζi and δζi−1. It is important to note that since these excesses or deficits are very
small, we may calculate the contribution of each term of the Fourier expansion separately and then
sum them to obtain the total contribution.
In this way, we assume that the ith layer has outer and inner boundary heights given by the kth term
of the Fourier expansion. The equatorial and polar flattenings of the outer boundary, 
(ik)
ρ and 
(ik)
z ,
are given by Eq. (21), and the bulge is rotated at an angle δik/2 with respect to the axis x. Similarly,
the inner boundary height δζ
(1)
i−1, can be identified with the boundary height of one ellipsoidal surface,
with equatorial and polar flattenings
(i−1,k)ρ = 2Ci−1,k cosσi−1,k; (i−1,k)z = −C′′i−1,k cosσ′′i−1,k cos δ′′i−1,k −

(i−1,k)
ρ
2
, (23)
rotated at an angle δi−1,k/2, with respect to the axis x.
The disturbing potential at an external point M∗(r∗, θ∗, ϕ∗), due to the mass excess or deficit,
corresponding to the kth term of the Fourier expansion of the outer and the inner boundary heights
δζi and δζi−1, is
δUik(r
∗) = −3GCi
2r∗3
sin2 θ∗
∆
(
R5i Cik cosσik cos (2ϕ∗ − δik)
)
R5i −R5i−1
−GCi
2r∗3
(3 cos2 θ∗ − 1)∆
(
R5i C′′ik cosσ′′ik cos δ′′ik
)
R5i −R5i−1
, (24)
where Ci is the axial moment of inertia of the ith layer (see Section A in the Online Supplement)
and ∆(fi) = fi − fi−1, denotes the increment of one function fi, between the inner and the outer
boundaries of this layer.
Taking into account that the total disturbing potential of the ith layer, can be approximated by
the sum of the contribution of each term of the Fourier expansion, we obtain
δUi(r
∗) =
∑
k∈Z
δUik(r
∗). (25)
4 Forces and torques
To calculate the force and torque due to the ith layer of m, acting on one mass M∗ located in
M∗(r∗, θ∗, ϕ∗), we take the negative gradient of the potential of the ith layer at the point M∗ and
multiply it by the mass placed in the point, that is, Fi = −M∗∇r∗δUi
F1i = −9GM
∗Ci
2r∗4
sin2 θ∗
∑
k∈Z
∆
(
R5i Cik cosσik cos (2ϕ∗ − δik)
)
R5i −R5i−1
−3GM
∗Ci
2r∗4
(3 cos2 θ∗ − 1)
∑
k∈Z
∆
(
R5i C′′ik cosσ′′ik cos δ′′ik
)
R5i −R5i−1
F2i =
3GM∗Ci
2r∗4
sin 2θ∗
∑
k∈Z
∆
(
R5i Cik cosσik cos (2ϕ∗ − δik)
)
R5i −R5i−1
−3GM
∗Ci
2r∗4
sin 2θ∗
∑
k∈Z
∆
(
R5i C′′ik cosσ′′ik cos δ′′ik
)
R5i −R5i−1
F3i = −3GM
∗Ci
r∗4
sin θ∗
∑
k∈Z
∆
(
R5i Cik cosσik sin (2ϕ∗ − δik)
)
R5i −R5i−1
. (26)
7The corresponding torque is Mi = r
∗ × Fi, or since r∗ = (r∗, 0, 0),
M1i = 0; M2i = −r∗F3i; M3i = r∗F2i, (27)
that is
M2i =
3GM∗Ci
r∗3
sin θ∗
∑
k∈Z
∆
(
R5i Cik cosσik sin (2ϕ∗ − δik)
)
R5i −R5i−1
M3i =
3GM∗Ci
2r∗3
sin 2θ∗
∑
k∈Z
∆
(
R5i Cik cosσik cos (2ϕ∗ − δik)
)
R5i −R5i−1
−3GM
∗Ci
2r∗3
sin 2θ∗
∑
k∈Z
∆
(
R5i C′′ik cosσ′′ik cos δ′′ik
)
R5i −R5i−1
. (28)
5 Forces and torques acting on M
Since we are interested in the force acting on M due to the tidal deformation of the ith layer of m,
we must substitute (M∗, r∗, θ∗, ϕ∗) by (M, r, pi2 , $ + v). Replacing the angles δik and δ
′′
ik given their
definitions (Eq. 20), the forces, then are
F1i = −9GMCi
2r4
∑
k∈Z
∆
(
R5i Cik cosσik cos (2v + (k − 2)`− σik)
)
R5i −R5i−1
+
3GMCi
2r4
∑
k∈Z
∆
(
R5i C′′ik cosσ′′ik cos (k`− σ′′ik)
)
R5i −R5i−1
F2i = 0
F3i = −3GMCi
r4
∑
k∈Z
∆
(
R5i Cik cosσik sin (2v + (k − 2)`− σik)
)
R5i −R5i−1
. (29)
and the corresponding torques are
M2i =
3GMCi
r3
∑
k∈Z
∆
(
R5i Cik cosσik sin (2v + (k − 2)`− σik)
)
R5i −R5i−1
M3i = 0, (30)
After Fourier expansion, the torque along to the axis z (Mzi = −M2i), can be written as
Mzi =
3GMCi
a3
∑
k,j∈Z
E2,k+j
∆
(
R5i Cik cosσik sin (j`+ σik)
)
R5i −R5i−1
. (31)
Finally, replacing the coefficient Cik given by Eq. (14), the time average of the tidal torque over
one period 〈Mzi〉 = 12pi
∫ 2pi
0
Mzid` is
〈Mzi〉 = 45GM
2R3NCi
16mTa6
∑
k∈Z
E22,k
∆
(HiR5i sin 2σik)
R5i −R5i−1
. (32)
The above expression for the time average, which is equivalent to take into account only the terms
with j = 0, is only valid if νi is constant. This condition is satisfied, for example, by homogeneous bodies
with γ  n, as stars and giant gaseous planets, where the stationary rotation is ∼ 6nγe2/(n2 + γ2).
However, the final rotation of the homogeneous rocky bodies, with γ  n, as satellites and Earth-like
planets, is dominated by a forced libration ∼ B1 cos (`+ φ1) with the same period as the orbital motion
of the system (see Chap. 3 of FM15). In this case, any time average that involves the rotation, should
also take into account this oscillation. It is worth emphasizing that in this paper we calculate the
8time average of some quantities, as the work done by the tidal forces and the variations in semi-major
axis and eccentricity, assuming that νi is constant, which is valid only for bodies with low viscosity.
The applications to Titan in this paper were done using the complete equations, where the distinction
between these extreme cases is not necessary.
6 Work done by the tidal forces acting on M
The time rate of the work done by the tidal forces due to the ith layer is W˙i = Fi · v, where v is the
relative velocity vector of the external body2 whose components in spherical coordinates are
v1 =
nae sin v√
1− e2 ; v2 = 0; v3 =
na2
√
1− e2
r
. (33)
Using the tidal force, given by the Eq. (29), the rate of the work corresponding to the ith layer is
dWi
dt
= −3GMCin
2a3
∑
k∈Z
1
R5i −R5i−1
∆
(
R5i Cik cosσik
×
[
cosσik
( 3e√
1− e2
a4
r4
sin v cos (2v + (k − 2)`) + a
5
r5
2
√
1− e2 sin (2v + (k − 2)`)
)
+ sinσik
( 3e√
1− e2
a4
r4
sin v sin (2v + (k − 2)`)− a
5
r5
2
√
1− e2 cos (2v + (k − 2)`)
)])
+
GMCin
2a3
a4
r4
∑
k∈Z
1
R5i −R5i−1
∆
(
R5i C′′ik cosσ′′ik
3e√
1− e2 sin v cos (k`− σ
′′
ik)
)
, (34)
or after Fourier expansion3
dWi
dt
= −3GMCin
2a3
∑
k,j∈Z
(k + j − 2)E2,k+j
∆
(
R5i Cik cosσik sin (j`+ σik)
)
R5i −R5i−1
+
GMCin
2a3
∑
k,j∈Z
(k + j)E0,k+j
∆
(
R5i C′′ik cosσ′′ik sin (j`+ σ′′ik)
)
R5i −R5i−1
. (35)
The time-average over one period is〈
dWi
dt
〉
=
45GM2R3NCin
32mTa6
∑
k∈Z
(
(2− k)E22,k
∆(HiR5i sin 2σik)
R5i −R5i−1
− k
3
E20,k
∆(HiR5i sin 2σ′′ik)
R5i −R5i−1
)
. (36)
The average of the term involving δ0,kGiz in the last term of Eq. (35), for k = 0, is
1
2pi
∫ 2pi
0
n2L′i
(a
r
)4
sin v d` =
N∑
j=1
∆
(
R5i (E
−1)ijx3j
)
R5i −R5i−1
1
2pi
∫ 2pi
0
Ω2j
(a
r
)4
sin v d` = 0, (37)
(see Section C in the Online Supplement).
2 The definition of power (the time derivative of work) used in this section is the most general definition
of the power done by the force couple formed by the disturbing force Fi acting on the external body and its
reaction −Fi acting on the ith layer of the deformed body. It may be written as Fi ·VM + (−Fi) ·Vi where
VM and Vi are, respectively, the velocities of the body M and of the ith layer of the body m, w.r.t. a fixed
reference frame. It is equivalent to Fi(˙VM −Vi), that is, Fi · v (see Scheeres, 2002; Ferraz-Mello et al., 2003).
3 For the details of the calculation see the Online Supplement of FM15.
97 Variations in semi-major axis and eccentricity
In this section, we calculate the variation in semi-major axis and eccentricity. As in FM13 and FM15,
we use the energy and angular momentum definitions.4 If we differentiate the equation
W = −GMmT
2a
,
where a is the semi-major axis of the relative orbit, we obtain the equation for the variation in semi-
major axis:
a˙ =
2a2W˙
GMmT
. (38)
Replacing W˙ by the Eq. (35) and summing over all layers, we obtain
a˙ = −
N∑
i=1
3Cin
mTa
∑
k,j∈Z
(k + j − 2)E2,k+j
∆
(
R5i Cik cosσik sin (j`+ σik)
)
R5i −R5i−1
+
N∑
i=1
Cin
mTa
∑
k,j∈Z
(k + j)E0,k+j
∆
(
R5i C′′ik cosσ′′ik sin (j`+ σ′′ik)
)
R5i −R5i−1
. (39)
After the averaging over one period, we obtain
〈a˙〉 =
N∑
i=1
45MR3NCin
16m2Ta
4
∑
k∈Z
(
(2− k)E22,k
∆
(HiR5i sin 2σik)
R5i −R5i−1
− kE20,k
∆
(HiR5i sin 2σ′′ik)
R5i −R5i−1
)
. (40)
In the same way, if we differentiate the total angular momentum equation
L =
MmT
M +mT
na2
√
1− e2 = GMmT
na
√
1− e2,
where e is the eccentricity of the relative orbit, and use n˙/n = −3a˙/2a, we obtain the equation for the
variation in eccentricity
ee˙
1− e2 =
a˙
2a
− L˙
L
, (41)
where L˙ = Mz is the total torque exerted by the tidal forces. The interaction torques between the
layers do not affect the orbital motion, because they are action-reaction pairs (that is Mij = −Mji,
∀ i, j = 1, . . . , N and i 6= j), then they mutually cancel themselves.
Replacing W˙ and Mz by the Eqs. (31) and (35), and summing over all layers, we obtain
e˙ = −
N∑
i=1
3Cin
mTa2
(1− e2)
2e
∑
k,j∈Z
( 2√
1− e2 + (k + j − 2)
)
E2,k+j
∆
(
R5i Cik cosσik sin (j`+ σik)
)
R5i −R5i−1
+
N∑
i=1
Cin
mTa2
(1− e2)
2e
∑
k,j∈Z
(k + j)E0,k+j
∆
(
R5i C′′ik cosσ′′ik sin (j`+ σ′′ik)
)
R5i −R5i−1
. (42)
After the time-average over one period, we obtain that the variation in eccentricity are
〈e˙〉 =
N∑
i=1
45MR3NCin
16m2Ta
4
(1− e2)
2ae
×
∑
k∈Z
((
(2− k)− 2√
1− e2
)
E22,k
∆
(HiR5i sin 2σik)
R5i −R5i−1
− kE20,k
∆
(HiR5i sin 2σ′′ik)
R5i −R5i−1
)
. (43)
4 We use the conservation laws of the two-body problem because they are universally known. However, it
is worth emphasizing that the results obtained are the same obtained if instead of them we use the Lagrange
variational equations.
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8 The two-layer model
In the previous sections we have studied the tidal effect on one body composed of N homogeneous
layers. However, in contrast with a homogeneous body, in one differentiated body we must also take
into account the interaction between the different layers. In this paper we consider the gravitational
coupling of the layers and the friction that occurs at each interface of two layers in contact. An
important point to keep of mind is that the number of free parameters increases significantly as the
number of layers increases.
In this section, we study the simplest non-homogeneous problem: one body formed by two inde-
pendent rotating parts. The inner layer, or core, is denoted with the subscript c and the outer layer,
or shell, is denoted with the subscript s. Despite its simplicity, the two-layer model allows us to study
the main features of the stationary rotations, introducing a minimum number of free parameters.
8.1 The tidal torques
The tidal torques due to the core and the shell, along the axis z, are (see Eq. 31)
Mzc = TccCcTc
Mzs = TssCsTs − TscCsTc, (44)
where the function Ti (i = c, s) is
Ti =
∑
k,j∈Z
E2,kE2,k+j
γi(νj + kn) cos j`+ γ
2
i sin j`
γ2i + (νi + kn)
2
, (45)
the constants Tij are
Tcc = T Hc; Tsc = T HcR
5
c
R5s −R5c
; Tss =
T HsR5s
R5s −R5c
, (46)
and the tidal parameter T , is defined as
T = 45GM
2R3s
8mTa6
≈ 3n
2ρ
2
, (47)
Rc, Cc are the mean outer radius and moment of inertia of the core, and Rs, Cs are the mean outer
radius and moment of inertia of the shell. The parameters Hc, γc are the Clairaut parameter and the
relaxation factor at the core-shell interface and Hs, γs are the Clairaut parameter and the relaxation
factor at the body’s surface.
8.2 The gravitational core-shell coupling
When the principal axes of inertia of two layers are not aligned, a restoring torque appears which tends
to align these axes again. This torque was calculated by several authors (e.g. Buffett, 1996; Van Hoolst
et al., 2008; Karatekin et al., 2008; Callegari et al., 2015) when the layers are rigid.
Here, we use one similar expression for this torque adapted to a body formed by two layers whose
boundaries are prolate ellipsoids, whose flattenings are defined by the composition of the main elastic
and anelastic tidal components. If we follow the same composition adopted in FM13, these flattenings
are
′c = Hcρ
√
λ2c + cos
2 σc0(1 + 2λc); 
′
s = Hsρ
√
λ2s + cos
2 σs0(1 + 2λs), (48)
where 0 < λc < 1 and 0 < λs < 1 are the relative measurements of the actual maximum heights of the
elastic tides of the core and the shell, respectively. The geodetic lags of these two ellipsoidal surfaces,
when one elastic component is added are
ϑc =
1
2
tan−1
(
sin 2σc0
1 + 2λc + cos 2σc0
)
; ϑs =
1
2
tan−1
(
sin 2σs0
1 + 2λs + cos 2σs0
)
. (49)
11
In this case, the torques, along the axis z, are
Γc = K sin 2ξ
Γs = −K sin 2ξ, (50)
where ξ = ϑs − ϑc is the offset of the geodetic lags of the two ellipsoidal boundaries and the constant
of gravitational coupling K is
K =
32pi2G
75
′c
′
sdcdsR
5
c , (51)
(see Appendix 3 for more details).
We may pay attention to the sign of these torques. If ϑs > ϑc, the motion of the shell is braked,
while the motion of the core is accelerated. This is consistent with the signs of the above equations.
8.3 Linear drag
The model considered here also assumes that a linear friction occurs between the two contiguous layers.
For the two-layer model, the torques acting on the core and the shell, along the axis z, are
Φc = µ(Ωs −Ωc)
Φs = −µ(Ωs −Ωc), (52)
where the friction coefficient µ is an undetermined ad-hoc constant that comes from assuming that a
linear friction occurs between two contiguous layers.
When we consider that the body m has solid layers, but not rigid, we can assume that between the
core and the shell exists one thin fluid boundary with viscosity ηo and thickness h. If this interface is
a Newtonian fluid, the Eq. (52) is the law corresponding to liquid-solid boundary for low speeds, and
µ can be written as
µ =
8pi
3
ηo
h
R4c , (53)
(see Appendix 4 for more details).
8.4 Rotational equations
Putting together all contributions to the torque, we obtain the rotational equations
CcΩ˙c = M
core
z = −Mzc + Γc + Φc
CsΩ˙s = M
shell
z = −Mzs + Γs + Φs, (54)
where M corez and M
shell
z are the z-components of the total torque acting on the core and on the shell.
These torques include the reaction of the tidal torque Mzi, the gravitational coupling Γi and the friction
Φi.
9 Comparison with the homogeneous case
In this section, we compare some of the main features of the homogeneous creep tide theory, developed
in FM15, with the non-homogeneous creep tide theory for the two-layer model developed in this article.
The main difficulty lies in the number of free parameters in these approaches. In the homogeneous case,
with a suitable choice of dimensionless variables, the final state of rotation depends only on the ratio
n/γ and on the eccentricity e (Eq. 42 of FM15). However, even in the most simple non-homogeneous
case (the two-layer model), we need to set 12 free parameters. In order to proceed, we use the typical
values for Titan and also Titan’s eccentricity e = 0.028 (see Tables 1-4 in Sect. 10.1), and let as free
parameters, only n/γi, e and µ.
Following FM15, we introduce the adimensional variables yi = νi/γ and the scaled time x = `/γ,
where γ = 2γcγs(γc + γs)
−1. If we consider the case in which γc = γs, the behavior of the evolutions
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Fig. 1 Evolution of ys for the case γc = γs with initial conditions yc = 0.3 and ys = 0.15 and several values
of α = log10 (n/γc) = log10 (n/γs). For α = 4, we also plot the initial conditions ys = 0 and ys = −0.15. Left :
α = 4, 3, 2. Right : α = 0,−1,−2.
of yc and ys is similar to that observed in the homogeneous case. Figure 1 shows the time evolution of
ys, with initial conditions yc = 0.3, ys = 0.15 and differents values of α = log10 (n/γc) = log10 (n/γs).
When γi  n (i.e. rocky bodies), after a transient, the solution oscillates around zero, independently
of the initial conditions (left panel), and the amplitude of oscillation decreases when α decreases. In
the case where α = 4, we also plot the solution with initial conditions yc = 0.3 and ys = −0.15 (dashed
black line). This solution increases quickly, becoming indistinguishable from the solution with initial
value ys = 0.15. When γi ∼ n, the stationary solution becomes a super-synchronous rotation with
the amplitude of oscillation tending to zero, and, finally, when γi  n, the stationary solution of ys
becomes closer zero (right panel). The evolution of yc is very similar, and the friction does not have
any relevant role.
Fig. 2 Same as Fig. 1, showing νs/n instead of ys.
However, when we analyze the time evolution of νs instead of ys, we observe that when γi  n, the
solution oscillates around zero and the amplitude of the oscillation of νs increases when α decreases
(left panel of Fig. 2). When γi  n. this amplitude decreases when α decreases and νs tends to 12ne2,
independently of the value of α (right panel of Fig. 2).
When γc 6= γs, we can have different core and shell rotation behavior. In Fig. 3, we show the
core and shell rotation (left and right, respectively) for log10 (n/γc) = 2 and log10 (n/γs) = 4. We
also set two very different values for the friction: the frictionless case µ = 0 (black) and a very high
value of friction µ = 1028 kg km2s−1 (red lines), larger than the expected value in the case of Titan
(µ = 1011 − 1013 kg km2s−1), which corresponds to a typical ocean viscosity ηo = ηH2O ≈ 10−3 Pa s
and a large range for the ocean thickness h (see Eq. 53). In the frictionless case, we can observe the
differential rotation between the core and the shell. After a transient, both solutions oscillate around
zero with very different amplitudes, depending on the value of γ of each surface. For very high friction
parameter, both layers rotate with the same angular velocity. The core and the shell have the same
amplitude of oscillation and phase, keeping the relative velocity equal to zero.
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Fig. 3 Evolution of yc and ys for initial conditions yc = 0.3 and ys = 0.15, relaxation factors such that
log10 (n/γc) = 2 and log10 (n/γs) = 4, and two values of the friction parameter: µ = 0 (black) and µ = 10
28 kg
km2s−1 (red).
Fig. 4 Stationary super-synchronous family with relaxation factors equal and such that n/γc = n/γs = 0.01
and 0 ≤ e ≤ 0.5. Left : µ = 0. Right : µ = 1020 kg km2s−1.
Finally, we study the dependence of the stationary solutions on the eccentricity. For that sake, we
choose a grid of initial conditions νc/n and νs/n, and integrate the system (54) until the stationary
solution is reached. When n/γc = n/γs  1, all initial conditions lead to the same equilibrium point
(a super-synchronous rotation), independently of the value of the friction parameter. The value of the
excess of rotation depends only on the eccentricity. In the left panels of Fig. 4, we show the family
of stationary solutions, where each point corresponds to a different eccentricity value in 0 ≤ e ≤ 0.5.
If the eccentricity is zero, the rotations are synchronous to the orbital motion. When the eccentricity
increases, the rotations become super-synchronous, and the excess of rotation νi/n is proportional to
e2 (right panels).
When n/γc and n/γs increase, that is, when the viscosities increase, the excess in the super-
synchronous rotation decreases. If the eccentricity is low, the only attractor is the super-synchronous
solution. When the eccentricity increases, captures in other attractors νi ' n, 2n, 3n, . . . appear grad-
ually. This behavior is the same studied by in FM15 and also in Correia et al. (2014) in the case of
homogeneous bodies.
Figure 5 shows the families of stationary rotation for n/γc = n/γs = 1, 0 ≤ e ≤ 0.5 and two values
of the friction parameter: the frictionless case, with µ = 0 (top panels), and a very high friction case,
with µ = 1020 kg km2s−1 (bottom panels). In the frictionless case, when the eccentricity is smaller
than ∼ 0.48, only the super-synchronous solution is possible. If the eccentricity is larger than 0.48,
besides the super-synchronous solution, three new stationary configurations appear: The core and the
shell in the 3/2 commensurability (νc ' n and νs ' n), the core in super-synchronous rotation and
the shell in the 3/2 commensurability (νc ' 0 and νs ' n), and the core in the 3/2 commensurability
and the shell in super-synchronous rotation (νc ' n and νs ' 0). Figure 6 shows in more detail these
stationary solutions. The labels Rpq denote the stationary families indicating the resonances νc = pn
and νs = qn. It is important to note that the excesses in the rotations are large because the eccentricity
14
Fig. 5 Same as Fig. 4 for n/γc = n/γs = 1 and 0 ≤ e ≤ 0.5.
is high. In the high friction case (bottom panels of Fig. 5), only the stationary solutions with the same
commensurabilities survive because in these configurations, the relative velocity of rotation between
the core and the shell is zero.
Fig. 6 Families of stationary rotations with equal relaxation factors such that n/γc = n/γs = 1, 0 ≤ e ≤ 0.5
and µ = 0. Labels Rpq indicates the two frequencies: νc = pn and νs = qn.
If n/γc and n/γs continue to increase and the friction parameter is low (not necessarily zero),
the core and the shell may tend to different resonances, depending on the eccentricity. If the friction
increases, the attractors with higher differential rotation, begin to disappear, until eventually, as from
a certain value limit of µ only survive the attractors with differential rotation zero Fig. 7.
10 Application to Titan’s rotation
10.1 The model
Titan’s interior was largely discussed in many papers (e.g. Tobie et al., 2005; Castillo-Rogez and Lunine,
2010; McKinnon and Bland, 2011; Fortes, 2012). The existing general data of the Titan-Saturn system
is given in Table 1. In this section, we assume the interior model given by Sohl et al. (2014) (hereafter
reference model), which is given in Table 2. In this model, Titan is formed by four homogeneous
layers: i) an inner hydrated silicate core (inner core); ii) a layer of high-pressure ice (outer core); iii) a
subsurface water-ammonia ocean and iv) a thin ice crust. For the sake of simplicity, we construct one
two-layer equivalent model, where the core is a layer formed by the inner core and the high-pressure
ice layer, and the shell is a layer formed by the subsurface ocean and the ice crust, but keeping some
features of the four-layer model (e.g. axial moments of inertia and Clairaut numbers). In this way,
we can use the rotational equations (54), retaining the main features of the realistic reference model.
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Fig. 7 Attractors when the relaxation factors are equal such that n/γc = n/γs = 10. The friction µ increases
from top to bottom and the eccentricity e increases from left to right. The units of µ are kg km2s−1.
This simplified model is given in Table 3, and some calculated parameters of each layer are listed in
Table 4. The existence of relative translational motions due to the non-coincidence of the barycenters
of the several layers, as discussed by Escapa and Fukushima (2011) in the case of an icy body with an
internal ocean and solid constituents, has not been taken into account.
In order to estimate the relative height of the elastic tide λs, we assume that the difference between
the observed surface flattening ′s with the tidal flattening s = HsρE2,0 cosσs0 ≈ Hsρ cosσs0 (cal-
culated) is due to the existence of an elastic component, with flattening 
(el)
s = λsHsρ (see Appendix
3 for more details). If we use Eq. (48), and assume that near the synchronous rotation cos2 σs0 ≈ 1,
we obtain
λs ≈ 
′
s
Hsρ − 1. (55)
For the relative heights of the elastic tide λc, we assume λc ≈ λs def= λ.
10.2 Atmospheric influence on Titan’s rotation
The seasonal variation in the mean and zonal wind speed and direction in Titan’s lower troposphere
causes the exchange of a substantial amount of angular momentum between the surface and the
atmosphere. The variation calculated from the observed zonal wind speeds shows that the atmosphere
angular momentum undergoes a periodic oscillation between 3× 1018 and 3× 1019 kg km2s−1 (Tokano
and Neubauer, 2005, hereafter TN05) with a period equal to half Saturn’s orbital period and maxima
at Titan’s equinoxes (when the Sun is in the satellite’s equatorial plane).
The angular momentum of the atmosphere may be written as Latm = L0 + L1 cos 2α where
L0 = 1.65 × 1019 kg km2 s−1, L1 = 1.35 × 1019 kg km2 s−1 and α is the Saturnian right ascension
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Table 1 Basic data
Mass (1022kg)(a) mT 13.45
Eccentricity(b) e 0.028
Semi-major axis (AU)(c) a 0.00816825
Mean motion (deg/day)(a) n 22.5769768
(id.) (10−6 s−1) 4.560678013
Orbital period (day)(a) 2pi/n 15.9454476
Differential Rotation (deg/yr) Ωs − n 0.122± 0.040 (d)
0.00+0.02−0.02
(e)
Titan’s ellipsoid semi-major axes (km)(f) a 2575.152 ± 0.048
b 2574.715 ± 0.048
c 2574.406 ± 0.044
Titan’s mean equatorial radius (km)(f) Rs 2574.933 ± 0.033
Titan’s equatorial prolateness (10−4)(f) ′s 1.70 ± 0.26
Saturn’s mass (1026 kg)(g) M 5.68326
Saturn’s mean-motion (10−9 s−1)(g) n 6.713428
Titan’s tidal parameter (10−15 s−2)† T 4.63
(a)Seidelmann et al. (2007); (b)Iess et al. (2012); (c)TASS 1.8 (see Vienne and Duriez, 1995) (Jan.1,2000);
(d)Stiles et al. (2010); (e)Meriggiola et al. (2016); (f)Mitri et al. (2014);
(g)Jacobson et al. (2006); † calculated parameter.
Table 2 Titan’s four-layer reference model
Layer Outer radius (km) Density (g/cm3) Mass (1022kg) Viscosity† (Pa s)
Ice I shell 2575 0.951 0.84 1014 − 1016
Ocean 2464 1.07 1.36 10−3 − 109 §
High-pressure ice 2286 1.30 1.58 1015 − 1020
Rock and iron core 2084 2.55 9.67 1020
† Mitri et al. 2014; § adopted values.
Table 3 Titan’s two-layer equivalent model
Layer Outer radius (km) Density (g/cm3) Mass (1022kg)
Shell (crust + ocean) 2575 1.02 2.19
Core (rock + HP ice mantle) 2286 2.25 11.26
of the Sun. The variation of the angular momentum is L˙atm = −2L1n sin 2α. If we neglect external
effects (as atmospheric tides), this variation may be compensated by an equal variation in the shell’s
angular momentum: δL˙s = −L˙atm, which corresponds to an additional shell acceleration
δΩ˙s =
2L1n
Ck
sin 2α = A sin 2α. (56)
We must emphasize that we have considered in these calculations the moment of inertia of the ice
crust Ck, since the winds are acting on the crust and do not have direct action on the liquid part of
the shell.
In a more recent work, Richard et al. (2014) (hereafter R14) re-calculate the amplitude of the
variation of the angular momentum with the Titan IPSL GCM (Institut Pierre-Simon Laplace General
Circulation models) (Lebonnois et al., 2012). They obtain L1 = 8.20×1017 kg km2 s−1, which is ∼ 16.5
times less than the TN05 value.
10.3 The results
We fix the outer radius of the inner core Ric and the outer radius of the high-pressure ice layer Roc,
the densities of the inner and outer cores dic and doc and the density of the crust dk, to the reference
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Table 4 Titan’s calculated parameters in the two-layer model
Core Shell
Clairaut number Hi 0.772 0.806
Axial moment of inertia (1029kg km2) Ci 2.183 0.866
Equatorial flattening (tidal) (10−4) i 1.15 1.20
Relative height of the elastic tide λi 0.42 0.42
Gravitational coupling constant (10−15s−2) K/Ci 2.65 6.69
Friction parameter (10−17s−1) § µ/Ci 0.59 1.48
Atmospheric parameter (10−18s−2)† 2L1n/Ck - 5.08
2L1n/Cs - 0.31
§ Assuming ηo = 10−3 Pa s; † L1 = 1.35× 1019 kg km2 s−1 (Tokano and Neubauer, 2005).
model values in Table 2. The density of the inner core is calculated so as to verify the value of Titan’s
mass mT = 13.45× 1022 kg. Figure 8 shows the weak dependence of the parameters on the thickness
Fig. 8 Dependence of some parameters on the thickness of the ocean h. Left : Density of the inner core dic
(solid orange) and the densities of the reference model (dashed lines). Middle: Clairaut parameters Hi (black)
and the maximum relative height of the elastic tide λ (blue). Right : The axial moments of inertia of the ocean
Co (black), the crust Ck (red), the shell Cs = Co + Ck (blue) and the core Cc = Cic + Coc (orange).
of the ocean h: the density of the inner core dic (solid orange line) and densities of the reference model
(left panel); the Clairaut numbers Hc, Hs (middle panel); and the axial moments of inertia Cc and Cs
(right panel).
The main consequence of the weak dependence of these parameters with the thickness of the
subsurface ocean, is that both the effect of the tide and the gravitational coupling parameter also
depend weakly on h. The strength of the acceleration of the rotation, due to the tide, is given by the
product TijTk (see Eqs. 45 and 46). While the parameter Tij only depends on the internal structure
of Titan, the function Tk do not depend on h. The left panel of Fig. 9 shows Tij and the gravitational
coupling amplitude Ki = K/Ci, as function of h. We also observe that the thickness of the ocean does
not have any relevant role. Then, for the tide and the gravitational coupling, the rotational evolution
is driven by the ratios n/γc, n/γs and the orbital eccentricity e.
The right panel of Fig. 9 shows the quantity nµi = nµ/Ci as function of the thickness h, when we
consider the realistic ocean viscosity ηo = ηH2O ≈ 10−3 Pa s. The rotational acceleration of each layer,
due to the friction, is µi(Ωs −Ωc). In super-synchronous rotation, the excess of rotation of each layer
is of order ne2, then
µi(Ωs −Ωc) nµi  Tij ,Ki.
Therefore, in Titan’s case, the friction term is negligible compared with the tide and the gravitational
coupling terms, independently of the h value.
Equations (54) and (56), allow us to calculate the velocities of rotation of the shell and of the core
of Titan for a wide range of relaxation factors γc and γs, when different effects are considered. For
that sake, we have to adopt the values of the involved parameters. We use four different values for the
viscosity of the subsurface ocean: a realistic value ηo = ηH2O = 10
−3 Pa s, a moderate value ηo = 100
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Fig. 9 Dependence of some parameters with the thickness of the ocean h. Left : Tidal parameter Tij and
gravitational coupling constant Ki = K/Ci. Right : The coefficient nµi, where µi = µ/Ci, for a typical ocean
viscosity ηo = ηH2O ≈ 10−3 Pa s.
Pa s and two very high values ηo = 10
6 Pa s and ηo = 10
9 Pa s. For the thickness of the ocean, we
use the values h = 15, 178 and 250 km, and for the variation of the atmospheric angular momentum,
we use the values given by Tokano and Neubauer (2005) and Richard et al. (2014). When we integrate
the rotational equations, assuming the values of relaxation factor typical for rock bodies (γi < n),
the results show that the excess of rotation of the shell is damped quickly and the final state is an
oscillation around the synchronous motion with a period of ∼ 15 days (a periodic attractor), equal to
the orbital period (Fig. 10). The amplitude of this oscillation depends on the relaxation factors and
the ocean thickness.
Fig. 10 Time evolution of Ωs − n, when γc = γs = 10−8 s−1, ηo = 10−3 Pa s and h = 178 km.
The periodic attractor of the spin rate νi of each layer can be approximated by the trigonometric
polynomial
νi ' Bi0 +Bi1 cos (`+ φi1) +Bi2 cos (2`+ φi2), (57)
where the constants Bij and the phases φij , depend on the relaxation factors. The tidal drift Bi0
also depends on e2, while the amplitude of oscillation Bij , depends on e
j . The coefficients Bij and
φij gives rise to intricate analytical expressions, but are easy to calculate numerically (an analytical
construction of these constants is presented in the Section B of the Online Supplement). Figure 11
shows one example for Titan’s core and shell constants Bcj and Bsj , as a function of the shell relaxation
factor, when the core relaxation factor is γc = 10
−8 s−1, and the ocean’s viscosity and thickness are
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ηo = 10
−3 Pa s and h = 178 km, respectively. We can observe that if γs & 10−7.5 s−1, the shell
oscillates around the super-synchronous rotation. When γs . 10−7.5 s−1, the tidal drift Bs0 tends to
zero and the shell oscillates around the synchronous rotation, with a period of oscillation equal to the
orbital period. Finally, if γs . 10−8 s−1, the amplitude of the shell rotation decreases, tending to zero
when γs decreases. On the other hand, the core oscillates around the synchronous rotation, with a
period of oscillation equal to the orbital period, independently of the shell relaxation factor.
Fig. 11 Tidal drift and amplitudes of oscillation of the periodic terms of the Titan’s core and shell in function
of the shell relaxation factor γs. The core relaxation factor is γc = 10
−8 s−1 and the ocean’s viscosity and
thickness are ηo = 10
−3 Pa s and h = 178 km, respectively. Left : Core’s parameters Bc0, Bc1 and Bc2. Right :
Shell’s parameters Bs0, Bs1 and Bs2.
In Fig. 12, fixing ηo = 10
−3 Pa s and L1 = 1.35 × 1019 kg km2 s−1 (TN05), we plot the resulting
maximum and minimum of the final oscillation of the shell rotation Ωs − n, or, equivalently, the
length-of-day variation
∆ LOD =
2pi
n
− 2pi
Ωs
, (58)
in function of γs, for two dynamical models: i) tidal forces, gravitational coupling and linear friction
(solid black lines); and ii) tidal forces, gravitational coupling, linear friction and the atmospheric
influence (dashed red lines). The horizontal lines show the intervals corresponding to 1σ uncertainties
of the observed values: the blue dashed lines, labelled M, correspond to Meriggiola (2012) and Meriggiola
et al. (2016) and green dashed lines, labelled S, correspond to the Stiles et al. (2010). The core relaxation
factor γc increases from γc = 10
−9 s−1 (top panels) to 10−6 s−1 (bottom panels) and the ocean thickness
h increases from 15 km (left panels) to 250 km (right panels).
Figure 12 shows that if γs < 10
−7 s−1, the shell’s rotation oscillate around the synchronous motion
and the amplitude of oscillation depends on the relaxation factors and the ocean thickness. The average
rotation (central orange line) is synchronous; it only becomes super-synchronous for relaxation values
larger than ∼ 10−6.5 s−1. We also observe that when γs < 10−8 s−1, independently of the values of γc
and h, the amplitude of oscillation of the shell tends to zero when the relaxation factor γs decreases.
Particularly, if γs < 10
−9 s−1, the amplitude of the oscillation of the excess of rotation reproduces
the dispersion of the Ωs value of ±0.02 deg/yr around the synchronous value, observed as reported by
Meriggiola (2012) and Meriggiolla et al. (2016). The results are not consistent with the previous drift
reported by Stiles et al. (2008, 2010). We note that for larger values of the relaxation, e.g. 10−8 s−1,
the large short period oscillation due to the tide would be much larger than the reported values and
would introduce big dispersion in the measurements, much larger than the reported dispersion due
to the difficulties in the precise localization of Titan’s features. On the other hand, the effect of the
atmospheric torque is completely negligible in the range of possible γs that reproduces the observed
values of the shell rotation, even for the high value of L1 given Tokano and Neubauer (2005). When
we consider the amplitude of the variation of the angular momentum given by Richard et al. (2014),
the contribution to the rotation variations tends to zero.
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Fig. 12 Shell rotation and corresponding length-of-day variation of Titan in function of the relaxation factors,
when ηo = 10
−3 Pa s and L1 = 1.35 × 1019 kg km2 s−1. The core relaxation factor γc increases from top
to bottom and the ocean thickness h increases from left to right. We consider two dynamical models: the
pair of solid black lines indicate the maximum and minimum of the shell rotation when the tidal forces, the
gravitational coupling and the linear friction are taken into account, and the pair of dashed red lines indicate
the maximum and minimum of the shell rotation when the angular momentum exchange with the atmosphere
is added. The orange solid line indicates the analytical stationary rotation Bs0. The horizontal dashed lines
show the confidence interval of the observed values, as determined by Meriggiola (2012) (blue) and by Stiles
et al. (2010) (green).
The results shown in Fig. 12 remain virtually unchanged when the ocean viscosity is increased up
to a value of ηo = 10
6 Pa s. But if the ocean viscosity is increased to ηo = 10
9 Pa s, the transfer of
angular momentum between the shell and the core induces in the shell accelerations of the same order
as the rotational acceleration due to the others forces. As a consequence, the shell rotation will follow
the core rotation closely (which is shown in Fig. 13). This high value of ηo can be interpreted as the
ocean thickness tending to zero. In this case, to obtain the dispersion of Titan’s observed rotation as
determined by Meriggiola et al. (2016) we should have a value of γs smaller than the values obtained
in the previous cases, where a low viscosity ocean was assumed between the shell and the core. It is
worth noting yet that, in this case, the observed dispersion could also be obtained taking for γc an
extremely low value (10−9 s−1) and for γs a much larger and unexpected value (10−5 s−1).
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Fig. 13 Same as Fig. 12 for ηo = 10
9 Pa s.
It is important to note that, in any case, the rotational constraint does not allow us to estimate
the value of the core relaxation factor γc. For realistic values of the ocean viscosity (ηo = 10
−3 − 106
Pa s), the shell relaxation factor may be such that γs . 10−9 s−1. The actual value will depend on
the values of h and γc and on the interpretation of the dispersion determined by Meriggiola, which
may include the forced short-period oscillation of Ωs. Equivalently, using Eq. (2), the shell viscosity
may be such that ηs & 1018 Pa s. These values remain without significant changes if ηo < 109 Pa s.
For the case in which a subsurface ocean does not exist, the shell relaxation factor may be such that
γs . 10−10 s−1, one order less than when an ocean is considered. Equivalently, the shell viscosity may
be such that ηs & 1019 Pa s. It is worth noting that in this case, when γs . 10−7 s−1, the rotation of
the core remains stuck to the rotation of the shell even when γc is larger, notwithstanding the larger
moment of inertia of the core (Fig. 14).
11 Conclusion
In this article we extended the static equilibrium figure of a multi-layered body, presented in Folonier et
al. (2015), to the viscous case, adapting it to allow the differential rotation of the layers. For this sake,
we used the Newtonian creep tide theory, presented in Ferraz-Mello (2013) and Ferraz-Mello (2015a).
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Fig. 14 Core rotation of Titan in function of the relaxation factors, when ηo = 10
9 Pa s and L1 = 1.35× 1019
kg km2 s−1. The core relaxation factor γc increases from top to bottom and the ocean thickness h increases
from left to right. We consider two dynamical models: the pair of solid black lines indicate the maximum and
minimum of the core rotation when the tidal forces, the gravitational coupling and the linear friction are taken
in account, and the pair of dashed red lines indicate the maximum and minimum of the core rotation when
the angular momentum exchange with the atmosphere is added. The orange solid line, indicates the analytical
stationary rotation Bc0.
Once solved the creep equations for the outer surface of each layer, we obtained the tidal equilibrium
figure, and thereby we calculated the potential and the forces that act on the external mass producing
the tide.
In order to apply the theory to satellites of our Solar System, we calculated the explicit expression
in the particular case of one body formed by two layers. We may remember that the number of free
parameters and independent variables increases quickly when the number of layers increases. The
simplest version of the non-homogeneous creep tide theory (the two-layer model), allows us to obtain
the main features due to the non-homogenity of the body, by introducing a minimal quantity of free
parameters. In the used model, we have also calculated the tidal torque, which acts on each layer
and also the possible interaction torques, such as the gravitational coupling and the friction at the
interface between the contiguous layers (general development of these effects are given in Appendices
3 and 4). The friction was modeled assuming two homogeneous contiguous layers separated by one
thin Newtonian fluid layer. This model of friction is particularly appropriate for differentiated satellites
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with one subsurface ocean, as are various satellites of our Solar System (e.g. Titan, Enceladus, and
Europa).
The two-layer case was compared with the homogeneous case. For that sake, we fixed the free
parameters of Titan and studied the main features of the stationary solution of this model in function
of a few parameters, such as the relaxation factors γi, the friction parameter µ and the eccentricity e.
When γc ≈ γs, the behavior of the stationary rotations turned out to be identical to the homogeneous
case. When γc ≈ γs  n, the stationary solutions oscillate around the synchronous rotation. When γc
and γs increase, the oscillation tends to zero. Finally, if γc ≈ γs  n, the stationary solution is damped
to super-synchronous rotation. We have also calculated the possible attractors when the eccentricity
and the friction parameter µ are varied. We recovered the resonances trapping in commensurabilities
Ωc ≈ Ωs ≈ 2+k2 n (where k = 1, 2, 3, . . . ∈ N) as shown in Ferraz-Mello (2015a) and Correia et al.
(2014) for the homogeneous case, and we found that if friction remains low, the non-zero differential
rotation commensurabilities Ωc ∼ 2+i2 n and Ωs ∼ 2+j2 n, with i, j = 1, 2, 3, . . . ∈ N and i 6= j, are
possible. When the friction increases, the resonances with higher differential rotation are destroyed.
If µ continues increasing, only the resonances in which core and shell have the same rotation survive.
This behavior is also observed in the non-homogeneous Darwin theory extension, when one particular
ad hoc geodetic lag and one dynamical Love number for each layer are chosen (Folonier, 2016).
The two-layer model was applied to Titan, but adding to it the torques due to the exchange of
angular momentum between the surface and the atmosphere, as modeled by Tokano and Neubauer
(2005) and by Richard et al. (2014), and the results were compared to the determinations of Titan’s
rotational velocity as determined from Cassini observations by Stiles et al. (2010) and Meriggiola et
al. (2016). These comparisons allowed us to constraint the relaxation factor of the shell to γs . 10−9
s−1. The integrations show that for γs . 10−7.5 s−1 the shell may oscillate around the synchronous
rotation, with a period of oscillation equal to the orbital period, and the amplitude of this oscillation
depends on the relaxation factors γc and γs and the ocean’s thickness and viscosity. The tidal drift
tends to zero and the rotation is dominated by the main periodic term.
The main result was that the rotational constraint does not allow us to confirm or reject the exis-
tence of a subsurface ocean on Titan. Only the maximum shell’s relaxation factor γs can be determined,
or equivalently, the minimum shell’s viscosity ηs, because the icy crust is rotationally decoupled from
the Titan’s interior. When a subsurface ocean is considered, the maximum shell’s relaxation factor is
such that γs . 10−9 s−1, depending on the ocean’s thickness and viscosity values considered. Equiva-
lently, this maximum value of γs, corresponds with a minimum shell’s viscosity ηs & 1018 Pa s, some
orders of magnitude higher than the modeled by Mitri et al. (2014). When the non-ocean case is
considered, the maximum shell’s relaxation factor is such that γs . 10−10 s−1 and the corresponding
minimum shell’s viscosity is ηs & 1019 Pa s. For these values of γs, the amplitude of the oscillation
of the excess of rotation reproduces the dispersion of the Ωs value of ±0.02 deg/yr around the syn-
chronous value, observed as reported by Meriggiola (2012) and Meriggiolla et al. (2016). It is important
to note that in all the cases studied, the influence of the atmosphere can be neglected, since it does
not affect the results in the ranges of γc and γs where the excess of rotation calculated is compatible
with the excess of rotation observed.
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Appendix 1: Relaxation factor
Let us consider the equilibrium surface ρi(φ, θ) between two adjacent homogeneous layers of the body
m whose densities are di (inner) and di+1 (outer). We consider that at a given instant, the actual
surface between the two layers ζi(φ, θ) does not coincide with the equilibrium surface (Fig. 15). In
some parts, the separation surface is above the equilibrium surface (as in region I) and in other parts
it is below the equilibrium surface (as in region II). Let us now consider one small element of the
equilibrium surface in region I. The pressure in the base of this element is positive because the weight
of the column above the element is larger than its weight in the equilibrium configuration. Note that
the column is now partly occupied by the fluid with density di and di > di+1. The pressure surplus is
given by
pI = ∆wh, (59)
where ∆w = (di−di+1)g is the difference of the specific weight of the two columns in the neighborhood
of the separation surface, and h is the distance of the element of the equilibrium surface to the actual
separation surface. g is the local acceleration of gravity.
Fig. 15 Interface between two adjacent homogeneous layers of m whose densities are di (inner) and di+1
(outer). ζi(φ, θ) and ρi(φ, θ) are the actual and the equilibrium surfaces, respectively, of the outer boundary of
the ith layer. Region I (resp. II) is where the actual surface is above (resp. below) the equilibrium surface. FI
(resp. FII) is the force acting on one small element of the equilibrium surface in the region I (resp. region II)
due to the pressure surplus (resp. pressure deficit).
The radial flow in the considered element is ruled by the Navier-Stokes equation:
0 = Fext −∇pI + ηi∆u (60)
where Fext is the external force per unit volume, u is the radial velocity and ηi is the viscosity of the
layer i (assuming ηi > ηi+1). We notice that ∆ is operating on a vector, contrary to the usual ∆.
Actually, in this pseudo-vectorial notation, the formula refers to the components of u and means the
vector formed by the operation of the classical ∆ on the three components of the vector u.
We assume that the flow is orthogonal to the equilibrium surface. We remind that, by the definition
of the equilibrium surface, the tangential component of the resultant forces5 acting on the fluid vanishes
at the equilibrium surface. Since the equilibrium surface is an almost spherical ellipsoid, we may
consider in a first approximation that the motion of the fluid in that region is a radial flow.
If we consider that Fext = 0 (no other external forces are acting on the fluid) and restricting u to
its radial component ur, there follows
0 ≈ ∆w + ηi ∇2ur. (61)
Hence,
∇2ur = ∂
2ur
∂r2
+
2
r
∂ur
∂r
− 2ur
r2
= −∆w
ηi
. (62)
5 The forces considered in the determination of the equilibrium surface are the self-gravitation, the tidal
forces acting on the body and the inertial forces due to the rotation of the body.
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The general solution of this equation is
ur(r) = C1r +
C2
r2
− ∆w
4ηi
r2, (63)
where C1 and C2 are integration constants. The task of interpreting and determining its integration
constants becomes easier if the solution is linearized in the neighborhood of r = ρi (i.e. h = 0):
ur(r) = ur(ρi) + u
′
r(ρi)(r − ρi) +
1
2
u′′r (ρi)(r − ρi)2 + . . . (64)
Hence, ur(ρi) = 0, that is, there is no pressure surplus (or deficit) when the actual separation
surface coincides with the equilibrium and the linear approximation of the solution is obtained when
we assume u′′r (ρi) = 0.
Therefore,
C1 = ρ∆w/6ηi
C2 = ρ
4∆w/12ηi. (65)
Hence, u′r(ρi) = ρi∆w/2ηi, and the linear approximation corresponding to the Newtonian creep of
the fluid is
ur(r) = γi(r − ρi), (66)
where
γi = u
′
r(ρi) =
∆wρi
2ηi
. (67)
In the region II, the calculation is similar; however, instead of a pressure surplus we have a pressure
deficit because the equilibrium assumes one fluid with density di below the equilibrium surface, which
is now occupied by fluid of density di+1 < di. The equations are the same as above. We note that in
the new equations, the adopted viscosity continues being ηi since we assumed it larger than ηi+1. The
relaxation of the surface to the equilibrium is governed by the larger of the viscosities of the two layers.
In the homogeneous case we have one layer body (N = 1). If we consider dN+1 = 0 (neglected the
density of the atmosphere), we recover the expression of the relaxation factor given by Ferraz-Mello
(2013; 2015a)
γN ≈ wRN
2ηN
, (68)
where w = dNg is the specific weight and ρN ≈ RN .
Appendix 2: Equilibrium ellipsoidal figures
In this appendix we calculate the equatorial and the polar flattenings of the equilibrium ellipsoidal
figures for differentiated non-homogeneous bodies in non-synchronous rotation when each layer has a
different angular velociy. For this, we extend the results obtained by Folonier et al. (2015), where the
rigid rotation hypothesis has been assumed.
Let us consider one body m of mass mT and one mass point M of mass M orbiting at a distance
r from the center of m. We assume that the body is composed of N homogeneous layers of density di
(i = 1, . . . , N) and angular velocity Ωi = Ωikˆ, perpendicular to the orbital plane (Fig. 16). We also
assume that each layer has an ellipsoidal shape with outer semiaxes ai, bi and ci; the axis ai is pointing
towards M while ci is along the axis of rotation.
The equatorial prolateness and polar oblateness of the ith ellipsoidal surface, respectively, are
(i)ρ =
ai − bi
Ri
; (i)z =
bi − ci
Ri
, (69)
where Ri =
√
aibi is the outer equatorial mean radius of the ith layer.
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Fig. 16 Body m formed of N homogeneous layers of densities di and mean outer radii Ri rotating with angular
velocities Ωi and a point mass M orbiting at a distance r from the center of m in a plane perpendicular to the
rotation axis.
Following Folonier et al. (2015), and carrying out modifications to account for the different velocities
of rotations, the equilibrium equations can be written as
0 = −3GM
r3
+
i−1∑
j=1
Gm′j
R3i
(
2(i)ρ −
6
(j)
ρ
5
(
Rj
Ri
)2)
+
Gm′i
R3i
4
(i)
ρ
5
+
N∑
j=i+1
Gm′j
R3j
(
2(i)ρ −
6
(j)
ρ
5
)
Ω2i =
i−1∑
j=1
Gm′j
R3i
(
2(i)z −
6
(j)
z
5
(
Rj
Ri
)2)
+
Gm′i
R3i
4
(i)
z
5
+
N∑
j=i+1
Gm′j
R3j
(
2(i)z −
6
(j)
z
5
)
, (70)
where G is the gravitation constant and
m′k =
4pi
3
(dk − dk+1)R3k. (71)
If we assume that
(i)ρ = HiJ ; (i)z = GiM , (72)
where M is the flattening of the equivalent MacLaurin homogeneous spheroid in synchronous rotation
and J is the flattening of the equivalent Jeans homogeneous spheroids:
M =
5R3Nn
2
4mTG
J =
15MR3N
4mT r3
, (73)
the Eq. (70) can be written as
γiHi = x3i +
i−1∑
j=1
αijHj +
N∑
j=i+1
βijHj
γiGi =
(
Ωi
n
)2
x3i +
i−1∑
j=1
αijGj +
N∑
j=i+1
βijGj , (74)
where xi = Ri/RN is the normalized mean equatorial radius and the coefficients αij , βij and γi are
αij =
3m′j
2mT
(
Rj
Ri
)2
βij =
3m′j
2mT
(
Ri
Rj
)3
γi = 1 +
3(mT −m′i)
2mT
−
N∑
k=i+1
5m′k
2mT
(R3k −R3i )
R3k
. (75)
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Then, the Clairaut’s coefficients Hi and Gi are
Hi =
N∑
j=1
(E−1)ijx3j Gi =
N∑
j=1
(E−1)ijx3j
(
Ωi
n
)2
, (76)
where (E−1)ij are the elements of the inverse of the matrix E, whose elements are
(E)ij =

αij =
3
2fN
(d̂j − d̂j+1)
x5j
x2i
, i > j
γi =
3
2fN
(d̂i − d̂i+1)x3i +
5
2
− 5
2fN
N∑
k=i+1
(d̂k − d̂k+1)(x3k − x3i ), i = j
βij =
3
2fN
(d̂j − d̂j+1)x3i , i < j
(77)
where d̂i = di/d1 is the normalized density of the ith layer and fN = 3
∫ 1
0
d̂(z)z2 dz.
Appendix 3: Gravitational coupling
When the principal axes of inertia of two layers (of one body composed by N homogeneous layers)
are not aligned, a restoring gravitational torque, which tends to align these axes appears. The torque
acting on the inner jth layer due to the outer ith layer (not necessarily contiguous) is
Γji = −
∫
mj
(r×∇δUi) dmj = −
∫ 2pi
0
∫ pi
0
∫ ζ′j
ζ′j−1
dj (r×∇δUi) r2 sin θ dr dθ dϕ, (78)
where dj , mj are the density and the mass in the jth layer and δUi is the disturbing potential of the
ith layer at an external point (Fig. 17).
Fig. 17 Equatorial section of the ith and jth layers. ′i and 
′
i−1 are the outer and the inner equatorial
flattenings of the ith layer and the angles ϑi and ϑi−1 are its outer and inner geodetic lags. Similarly, ′j and
′j−1 are the outer and the inner equatorial flattenings and ϑj and ϑj−1 are the outer and the inner geodetic
lags of the jth layer.
The limits of the integral in Eq. (78), ζ ′j and ζ
′
j−1, are the real outer and inner boundaries of the
jth layer, respectively. In our model we have to consider the actual flattening of the surfaces, which is
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the composition of the main elastic and anelastic tidal components (see Sec. 10 of Ferraz-Mello, 2013).
The addition of the two components is virtually equivalent to the use the Maxwell viscoelastic model
ab initio as done by Correia et al. (2014) (Ferraz-Mello, 2015b).
Assuming that the elastic and the anelastic components have ellipsoidal surfaces (not aligned), the
resulting surface can be approximated by a prolate ellipsoid with equatorial flattening ′ and rotated
by an angle ϑ with respect to M. For the sake of simplicity, we also assume that the relative motion
of the outer body M is circular. Then, neglecting the axial term does not contribute to the calculation
of the gravitational coupling, the height of the outer surface of the jth layer with respect to the one
sphere of radius Rj , in polar coordinates, rotated by an angle ϑj with respect to M and to first order
in the flattenings (see Fig. 18), is
δζ ′j =
1
2
Rj
′
j sin
2 θ cos (2ϕ− 2ϑj) = 1
2
RjHjρλj sin2 θ cos 2ϕ+ 1
2
RjHjρ cosσj0 sin2 θ cos (2ϕ− σj0),
(79)
where 0 < λj < 1 is a relative measurement of the maximum height of the elastic tides of the outer
boundary of the jth layer. The angle ϑj is often called the geodetic lag of the surface.
Fig. 18 Scheme of the composition of the elastic and anelastic tides of the outer boundary of the jth layer.

(el)
j and j are the equatorial flattenings of the main elastic and anelastic tides, respectively, and 
′
j is the
equatorial flattening of the ellipsoidal surface, which result of this composition (dashed curve). The semi-major
axis of the elastic ellipsoid is oriented towards M.
If we open the trigonometric functions, by identification of the terms with same trigonometric
arguments, the resulting equatorial flattening of the outer boundary of the jth layer is
′j = Hjρ
√
λ2j + cos
2 σj0(1 + 2λj), (80)
and the geodetic lag is
ϑj =
1
2
tan−1
(
sin 2σj0
1 + 2λj + cos 2σj0
)
. (81)
The height of the inner boundary of the jth layer, taking into account the composition of the main
elastic and anelastic tides has an identical expression:
δζ ′j−1 =
1
2
Rj−1′j−1 sin
2 θ cos (2ϕ− 2ϑj−1)
=
1
2
Rj−1Hj−1ρλj−1 sin2 θ cos 2ϕ+ 1
2
Rj−1Hj−1ρ cosσj−1,0 sin2 θ cos (2ϕ− σj−1,0), (82)
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where 0 < λj−1 < 1 is the relative measurement of the maximum height of the elastic tides of the
inner boundary of the jth layer. Then, the resulting equatorial flattening is
′j−1 = Hj−1ρ
√
λ2j−1 + cos2 σj−1,0(1 + 2λj−1), (83)
and the geodetic lag is
ϑj−1 =
1
2
tan−1
(
sin 2σj−1 0
1 + 2λj−1 + cos 2σj−1,0
)
. (84)
In the same way, we assume that the ellipsoidal shape of this layer is also given by the composition
of the main elastic and anelastic tidal components. Then, the inner and outer equatorial flattenings,
respectively, are
′i−1 = Hi−1ρ
√
λ2i−1 + cos2 σi−1,0(1 + 2λi−1); 
′
i = Hiρ
√
λ2i + cos
2 σi0(1 + 2λi), (85)
and the corresponding geodetic lags are
ϑi =
1
2
tan−1
(
sin 2σi0
1 + 2λi + cos 2σi0
)
; ϑi−1 =
1
2
tan−1
(
sin 2σi−1,0
1 + 2λi−1 + cos 2σi−1,0
)
, (86)
where 0 < λi, λi−1 < 1 are the relative measurements of the maximum heights of the elastic tides of
the outer and inner boundaries of the ith layer.
Using the expression of the disturbing potential, given in Section A in the Online Supplement, and
neglecting the axial term, we obtain
δUi = −3GCi
4r3
sin2 θ
∆
(
R5i 
′
i cos (2ϕ− 2ϑi)
)
R5i −R5i−1
, (87)
where ∆(fi) = fi − fi−1, denotes the increment of one function fi between the inner and the outer
boundaries of this layer. Then, the vectorial product in Eq. (78) is
r×∇δUi = −2piGdi
5r3
(
2 sin θ∆
(
R5i 
′
i sin (2ϕ− 2ϑi)
)
θ̂ + sin 2θ∆
(
R5i 
′
i cos (2ϕ− 2ϑi)
)
ϕ̂
)
. (88)
Using the polar unitary vectors in Cartesian coordinates
θ̂ = cos θ cosϕ x̂ + cos θ sinϕ ŷ − sin θ ẑ
ϕ̂ = − sinϕ x̂ + cosϕ ŷ, (89)
and the approximation of ln ζ ′j/ζ
′
j−1 to first order in the flattenings
ln
ζ ′j
ζ ′j−1
≈ ln Rj
Rj−1
+
1
2
′j sin
2 θ cos (2ϕ− 2ϑj)− 1
2
′j−1 sin
2 θ cos (2ϕ− 2ϑj−1), (90)
then, we may perform the integrals of Eq. (78) and obtain the torque acting on the inner jth layer due
to the outer ith layer
Γji = −32pi
2G
75
didj∆ij
(
R5i 
′
i
′
j sin (2ϑj − 2ϑi)
)
ẑ, (91)
where ∆ij(fij)
def
= ∆(fij)−∆(fi,j−1) = fij − fi−1,j − fi,j−1 + fi−1,j−1.
As the torque acting on the outer ith layer, due to the inner jth layer, is the reaction
Γij = −Γji, (92)
then, the total gravitational coupling, acting on the jth layer can be written as
Γj =
N∑
p=1; p 6=j
Γjp =
j−1∑
p=1
Γjp −
N∑
p=j+1
Γpj . (93)
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If we consider the two-layer model, the torque acting on the core and the shell, are
Γc = K sin (2ϑs − 2ϑc)
Γs = −K sin (2ϑs − 2ϑc), (94)
where the gravitational coupling parameter K is
K =
32pi2G
75
dcds
′
c
′
sR
5
c . (95)
The equatorial flattenings are
′c = Hcρ
√
λ2c + cos
2 σc0(1 + 2λc); 
′
s = Hsρ
√
λ2s + cos
2 σs0(1 + 2λs), (96)
and the geodetic lags are
ϑc =
1
2
tan−1
(
sin 2σc0
1 + 2λc + cos 2σc0
)
; ϑs =
1
2
tan−1
(
sin 2σs0
1 + 2λs + cos 2σs0
)
. (97)
The parameters 0 < λc, λs < 1 are relative measurements of the heights of the elastic tides of the outer
surfaces of the core and the shell, respectively. The trigonometric functions in (96)-(97) are frequency
functions. Using Eq. (18), an elementary calculation shows that
cos2 σi0 =
γ2i
γ2i + ν
2
i
; sin 2σi0 =
2γiνi
γ2i + ν
2
i
; cos 2σi0 =
γ2i − ν2i
γ2i + ν
2
i
. (98)
It is important to note that some works, as Karatekin et al. (2008), use a different gravitational
coupling parameter K. When applied to a two-layer model, their K differs from Eq. (95) by a multi-
plicative factor (1− ds/dc). The reason for this difference is simple: while here we calculate the torque
due to the mutual gravitational attraction of two layers, through Eq. (91), they calculate the gravi-
tational coupling between regions that involve various layers simultaneously (see Fig. 2 and Eq. 16 of
Van Hoolst et al., 2008).
Appendix 4: Linear drag
The model considered here also assumes that a linear friction occurs between two contiguous layers.
We assume that between two contiguous layers (for instance, the inner boundary of the ith layer and
the outer boundary of the (i+ 1)th layer) exists a thin liquid boundary with viscosity η̂i and thickness
hi.
We assume that the torque, along the axis z, acting on the inner ith layer due to the outer (i+1)th
layer is
Φi,i+1 = µi(Ωi+1 −Ωi), (99)
and vice-versa. The friction coefficient µi of the ith boundary is an undetermined constant.
Let dFi,i+1 be the force acting tangentially on the area element of an sphere of radius Ri. If the
fluid in contact with the surface of the sphere is a Newtonian fluid, and the thickness of the liquid
boundary is thin enough to allow us to consider a plane-parallel geometry (a plane Couette flow), the
modulus of the force is (Papanastasious et al., 2000, Chap. 6, Eq. 6.15)
dFi,i+1 =
η̂i
hi
ViR
2
i sin θ dφ dθ (100)
where Vi = Ri sin θ(Ωi+1 − Ωi) is the relative velocity of the (i + 1)th layer with respect to the ith
layer at the latitude θ and Ri, φ, θ are the spherical coordinates of the center of the area element. The
modulus of the torque of the force dFi,i+1, along the axis z, is
dΦi,i+1 = Ri sin θ dFi,i+1. (101)
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The element of area is Ridθ × Ri sin θdφ. The integral of dΦi,i+1 over the sphere is easy to calculate
giving
Φi,i+1 =
∫ 2pi
0
∫ pi
0
η̂i
hi
R4i sin
3 θ(Ωi+1 −Ωi)dθ dφ = −8pi
3
η̂i
hi
R4i (Ωi+1 −Ωi) (102)
If we compare with the law used to introduce the friction, we obtain
µi =
8pi
3
η̂i
hi
R4i . (103)
This is the law corresponding to a liquid-solid boundary for low speeds.
The torque, along the axis z, acting on the inner (i+ 1)th layer due to the outer ith layer is
Φi+1,i = −Φi,i+1 = −µi(Ωi+1 −Ωi). (104)
Then, the total torque, due to the friction, acting on the ith layer is the sum of the torque due to
the outer (i+ 1)th layer plus the the torque due to the inner (i− 1)th layer
Φi = Φi,i−1 + Φi,i+1 = µi−1(Ωi−1 −Ωi)− µi(Ωi −Ωi+1). (105)
In the two-layer model, the torque acting on the core due to the shell and the torque acting on the
shell due to the core are, respectively
Φc = µ(Ωs −Ωc)
Φs = −µ(Ωs −Ωc), (106)
where ηo and h are the viscosity and the thickness, respectively, of the core-shell boundary and
µ =
8pi
3
ηo
h
R4c . (107)
References
1. Boue´, G., Correia, A. C. M., B Laskar, J.: “Complete spin and orbital evolution of close-in bodies using a
Maxwell viscoelastic rheology.”Celest. Mech. Dyn. Astron. 126, 31 (2016).
2. Buffett, B.A.: “Gravitational oscillations of the length of day. ”Geoph. Res. Lett. 23, 2279-2282 (1996).
3. Callegari, N., Batista Ribeiro, F.: “The spin-orbit resonant problem including core-mantle gravitational
coupling.”Comput. Appl. Math. 34, 423-435 (2015).
4. Castillo-Rogez, J.C., Lunine, J.I.: “Evolution of Titan’s rocky core constrained by Cassini observa-
tions.”Geophys. Res. Lett. 37, L20205 (2010).
5. Cayley, A.: “Tables of developments of functions in the theory of elliptic motion.”Mem. R. Astron. Soc.
29, 191-306 (1861).
6. Correia, A. C. M., Boue´, G., Laskar, J., Rodr´ıguez, A.: “Deformation and tidal evolution of close-in planets
and satellites using a Maxwell viscoelastic rheology.”Astron. Astrophys. 571, A50 (2014).
7. Darwin, G.H.:“On the secular change in the elements of the orbit of a satellite revolving about a tidally
distorted planet.”Philos. Trans. 171, 713-891 (1880). (repr. Scientific Papers, Cambridge, Vol. II, 1908).
8. Efroimsky, M., Lainey, V.: “Physics of bodily tides in terrestrial planets and the appropriate scales of
dynamical evolution.”J. Geophys. Res. (Planets) 112(E11), E12003 (2007).
9. Escapa, A., Fukushima, T.: “Free translational oscillations of icy bodies with a subsurface ocean using a
variational approach.”Astron. J. 141, article id. 77 (2011).
10. Ferraz-Mello, S.: “Tidal synchronization of close-in satellites and exoplanets. A rheophysical ap-
proach.”Celest. Mech. Dyn. Astron. 116, 109-140 (2013).
11. Ferraz-Mello, S.: “Tidal synchronization of close-in satellites and exoplanets. II. Spin dynamics and exten-
sion to Mercury and exoplanets host stars.”Celest. Mech. Dyn. Astron. 122, 359-389 (2015a).
12. Ferraz-Mello, S.: “The small and large lags of the elastic and anelastic tides. The virtual identity of two
rheophysical theories.”Astron. Astrophys. 579, A97 (2015b).
13. Ferraz-Mello, S., Beauge´, C., Michtchenko, T.A.: “Evolution of Migrating Planet Pairs in Reso-
nance.”Celest. Mech. Dyn. Astron. 87, 99-112 (2003).
14. Ferraz-Mello, S., Rodr´ıguez, A., Hussmann, H.: “Tidal friction in close-in satellites and exoplanets. The
Darwin theory re-visited.”Celest. Mech. Dyn. Astron. 101, 171-201. Errata: 104, 319-320 (2008).
15. Folonier, H.: “Tide on differentiated planetary satellites. Application to Titan.”Ph.D.Thesis, Universidade
de Sa˜o Paulo, Sa˜o Paulo (2016).
16. Folonier, H., Ferraz-Mello, S., Kholshevnikov, K.: “The flattenings of the layers of rotating planets and
satellites deformed by a tidal potential.”Celest. Mech. Dyn. Astron. 122, 183-198 (2015).
32
17. Fortes, A.D.: “Titan’s internal structure and the evolutionary consequences.”Planet. Space Sci. 60, 10-17
(2012).
18. Frouard, J., Quillen, A.C., Efroimsky, M., Giannella, D.: “Numerical simulation of tidal evolution of a
viscoelastic body modelled with a mass-spring network.”Mon. Not. R. Astron. Soc. 458, 2890-2901 (2016).
arXiv:1601.08222
19. Henning, W.G., O’Connell, R.J., Sasselov, D.D.: “Tidally heated terrestrial exoplanets: viscoelastic re-
sponse models.”Astrophys. J. 707, 1000-1015 (2009). arXiv:0912.1907
20. Iess, L., Jacobson, R.A., Ducci, M., Stevenson, D.J., Lunine, J.I., et al.: “The tides of Titan.”Science 337,
457-459 (2012).
21. Jacobson, R.A., Antreasian, P.G., Bordi, J.J., Criddle, K.E., Ionasescu, R., et al.: “The gravity field of the
Saturnian system from satellite observations and spacecraft tracking data.”Astrophys. J. 132, 2520-2526
(2006).
22. Karatekin, O¨., Van Hoolst, T., Tokano, T.: “Effect of internal gravitational coupling on Titan’s non-
synchronous rotation.”Geophys. Res. Lett. 38, L16202 (2008).
23. Kaula, W.M.: “Tidal dissipation by solid friction and the resulting orbital evolution.”Rev. Geophys. 3,
661-685 (1964).
24. Khurana, K.K., Kivelson, M.G., Stevenson, D.J., Schubert, G., Russell, C.T., Walker, R.J., Polanskey, C.:
“Induced magnetic fields as evidence for subsurface oceans in Europa and Callisto.”Nature 395, 777-780
(1998).
25. Lebonnois, S., Burgalat, J., Rannou, P., Charnay, B.: “Titan global climate model: a new 3-dimensional
version of the IPSL Titan GCM.”Icarus 218, 707-722 (2012).
26. Lorenz, R.D., Stiles, B.W., Kirk, R.L., Allison, M.D., Persi del Marmo, P., Iess, L., Lunine, J.I., Ostro, S.J.,
Hensley, S.: “Titan’s rotation reveals an internal ocean and changing zonal winds.”Science 319, 1649-1651
(2008).
27. McKinnon, W.B., Bland, M.T.: “Core evolution in icy satellites and Kuiper belt objects.”Lunar and Plan-
etary Institute Science Conference Abstracts, vol. 2768 (2011).
28. Meriggiola, R.: “The Determination of the Rotational State of Celestial Bodies.”Ph.D.Thesis, La Sapienza,
Roma (2012).
29. Meriggiola, R., Iess, L., Stiles, B.W., Lunine, J., Mitri, G.: “The rotational dynamics of Titan from Cassini
RADAR images.”Icarus 275, 183-192 (2016).
30. Mignard, F.: “The evolution of the lunar orbit revisited. I.”Moon and Planets 20, 301-315 (1979).
31. Mitri, G., Meriggiola, R., Hayes, A., Lefevre, A., Tobie, G., Genova, A., Lunine, J.I., Zebker, H.: “Shape,
topography, gravity anomalies and tidal deformation of Titan.”Icarus 236, 169-177 (2014).
32. Nimmo, F., Spencer, J.R., Pappalardo, R.T., Mullen, M.E.: “Shear heating as the origin of the plumes and
heat flux on Enceladus.”, Nature 447, 289-291 (2007).
33. Papanastasious, T., Georgiou, G., Alexandrou, A.: “Viscous Fluid Flow ”CRC Press LLC, Boca Raton
(2000).
34. Porco, C.C., Helfenstein, P., Thomas, P.C., Ingersoll, A.P., Wisdom, J., et al.: “Cassini observes the active
south pole of Enceladus.”Science 311, 1393-1401 (2006).
35. Remus, F., Mathis, S. and Zahn, J.-P.: “The equilibrium tide in stars and giant planets.”Astron. Astrophys.
544, A132 (2012).
36. Richard, A., Rambaux, N., Charnay, B.: “Librational response of a deformed 3-layer Titan perturbed by
non-Keplerian orbit and atmospheric couplings.”Planetary and Space Science 93-94, 2234 (2014).
37. Scheeres, D.J.: “Stability in the full two-body problem.”Celest. Mech. Dyn. Astron. 83, 155-169 (2002).
38. Seidelmann, P.K., Archinal, B.A., A’Hearn, M.F., Conrad, A., Consolmagno, G. J., Hestroffer, D., Hilton,
J.L., Krasinsky, G.A., Neumann, G., Oberst, J., Stooke, P., Tedesco, E.F., Tholen, D.J., Thomas, P.C.,
Williams, I.P.: “Report of the IAU/IAG Working Group on cartographic coordinates and rotational ele-
ments: 2006.”Celest. Mech. Dyn. Astron. 98, 155-180 (2007).
39. Sohl, F., Solomonidou, A., Wagner, F.W., Coustenis, A.H., Hussmann, A., Schulze-Makuch, D.: “Structural
and tidal models of Titan and inferences on cryovolcanism.”J. Geophys. Res. Planets, 119, 1013-1036
(2014).
40. Stiles, B.W., Kirk, R.L., Lorenz, R.D., Hensley, S., Lee, E., et al.: “Determining Titan’s spin state from
Cassini RADAR images.”Astron. J. 135, 1669-1680 (2008) and Erratum: Astron. J. 139, 311 (2010).
41. Tobie, G., Grasset, O., Lunine, J.I., Mocquet, A., Sotin, C.: “Titan’s internal structure inferred from a
coupled thermal-orbital model.”Icarus 175, 496-502 (2005).
42. Tokano, T., Neubauer, F.M.: “Wind-induced seasonal angular momentum exchange at Titan’s surface and
its influence on Titan’s length-of-day.”Geophys. Res. Lett. 32, L24203 (2005).
43. Van Hoolst, T., Rambaux, N., Karatekin, O¨., Dehant, V., Rivoldini, A.: “The librations, shape, and icy
shell of Europa.”Icarus 195, 386-399 (2008).
44. Vienne, A., Duriez, L.: “TASS 1.6: ephemerides of the major Saturnian satellites.”Astron. Astrophys. 297,
588-605 (1995).
45. Wahl, S.M., Hubbard, W.B., Militzer, B.: “The Concentric Maclaurin Spheroid method with tides and a
rotational enhancement of Saturn’s tidal response.”Icarus 282, 183-194 (2017).
46. Wahr, J.M., Zuber, M.T., Smith, D.E., Lunine, J.I.: “Tides on Europa, and the thickness of Europa’s icy
shell.”J. Geophys. Res. 111, E12005 (2006).
47. Zahn, J.-P.: “Les mare´es dans une e´toile double serre´e.”Ann. Astrophys. 29, 313 (1966).
1Online Supplement
A Shape and gravitational potential of one ellipsoid and one ellipsoidal layer
A.1 Homogeneous ellipsoid
Let us consider a homogeneous triaxial ellipsoid with density d, semi axes a > b > c, equatorial mean radius
R =
√
ab and equatorial and polar flattenings are
ρ =
a− b
R
; z =
b− c
R
. (A.1)
Then, the semi axes of this ellipsoid, to first order in the flattenings, can be written as
a = R
(
1 +
ρ
2
)
; b = R
(
1− ρ
2
)
; c = R
(
1− ρ
2
− z
)
. (A.2)
Let us consider the equation of surface of this homogeneous triaxial ellipsoid, in a reference system where
the semi axes a and c are aligned to the coordinates axes x and z, respectively:
x2
a2
+
y2
b2
+
z2
c2
= 1. (A.3)
If we use the semi axes (A.2), the spherical coordinates
x = ρ sin θ cosϕ; y = ρ sin θ sinϕ; z = ρ cos θ, (A.4)
and expand to first order in the flattenings, we obtain
ρ = R
(
1 +
ρ
2
sin2 θ cos 2ϕ−
( ρ
2
+ z
)
cos2 θ
)
. (A.5)
The mass of this ellipsoids is
m =
4pi
3
d abc ≈ 4pi
3
d R3
(
1− ρ
2
− z
)
. (A.6)
The principal moments of inertia are
A =
1
5
m(b2 + c2) ≈ 2
5
mR2 (1− ρ − z)
B =
1
5
m(a2 + c2) ≈ 2
5
mR2 (1− z)
C =
1
5
m(a2 + b2) ≈ 2
5
mR2, (A.7)
and its differences are
C −A ≈ 2
5
mR2(ρ + z) ≈ C(ρ + z)
C −B ≈ 2
5
mR2z ≈ Cz
B −A ≈ 2
5
mR2ρ ≈ Cρ. (A.8)
The corresponding gravitational potential of this homogeneous triaxial ellipsoid, at an external point r∗, is
U(r∗) = −Gm
r∗
− G(B −A)
2r∗5
(3x∗2 − r∗2) + G(C −B)
2r5
(3z∗2 − r∗2)
≈ −Gm
r∗
− GC
2r∗3
ρ(3 cos
2 ϕ sin2 θ − 1) + GC
2r∗3
z(3 cos
2 θ − 1), (A.9)
or
U(r∗) = −Gm
r∗
− 3GC
4r∗3
ρ sin
2 θ cos 2ϕ+
GC
2r∗3
( ρ
2
+ z
)
(3 cos2 θ − 1). (A.10)
2A.2 Ellipsoidal layer
Let us consider a homogeneous triaxial ellipsoidal shell with density di, outer semi axes ai > bi > ci, outer
equatorial mean radius Ri =
√
aibi and outer equatorial and polar flattenings
(i)ρ =
ai − bi
Ri
; (i)z =
bi − ci
Ri
. (A.11)
At the inner ellipsoidal boundary, the semi axes are ai−1 > bi−1 > ci−1 (not necessarily aligned with the
axes of the outer surface). The inner equatorial mean radius is Ri−1 =
√
ai−1bi−1 and the inner equatorial and
polar flattenings are
(i−1)ρ =
ai−1 − bi−1
Ri−1
; (i−1)z =
bi−1 − ci−1
Ri−1
. (A.12)
The semi axes of the outer boundary, to first order in flattenings, are
ai = Ri
(
1 +

(i)
ρ
2
)
; bi = Ri
(
1− 
(i)
ρ
2
)
; ci = Ri
(
1− 
(i)
ρ
2
− (i)z
)
, (A.13)
and the semi axes of the inner boundary are
ai−1 = Ri−1
(
1 +

(i−1)
ρ
2
)
; bi−1 = Ri−1
(
1− 
(i−1)
ρ
2
)
; ci−1 = Ri−1
(
1− 
(i−1)
ρ
2
− (i−1)z
)
. (A.14)
Let us consider the equation of the surface of the outer triaxial ellipsoidal layer, in a reference system where
the semi axes ai and ci are aligned to the coordinates axes x and z, respectively:
x2
a2i
+
y2
b2i
+
z2
c2i
= 1. (A.15)
If we use the semi axes (A.13), the spherical coordinates (A.4) and expand to first order in the flattenings, we
obtain
ρi = Ri
(
1 +

(i)
ρ
2
sin2 θ cos 2ϕ−
(

(i)
ρ
2
+ (i)z
)
cos2 θ
)
. (A.16)
For the inner boundary we have the same expression, when the reference system is again such that the semi
axes ai−1 and ci−1 are aligned to the coordinate axes x and z, respectively. If we use the semi axes (A.14), the
spherical coordinates (A.4) and expand to first order in the flattenings, we obtain
ρi−1 = Ri−1
(
1 +

(i−1)
ρ
2
sin2 θ cos 2ϕ−
(

(i−1)
ρ
2
+ (i−1)z
)
cos2 θ
)
. (A.17)
The mass mi of this layer, can be written as the subtraction of the masses of the two homogeneous ellipsoids
of same density di: the homogeneous ellipsoid of mass m
′
i and same surface as the outer boundary of the layer,
less the homogeneous ellipsoid of mass m′′i and same surface as the inner boundary of the layer Fig. 19. The
total mass of the layer then is
mi = m
′
i −m′′i ≈ 4pi
3
di
(
R3i
(
1− 
(i)
ρ
2
− (i)z
)
−R3i−1
(
1− 
(i−1)
ρ
2
− (i−1)z
))
. (A.18)
Note that this result is independent of the orientation of the ellipsoidal boundaries semi axes. The masses m′i
and m′′i are
m′i = di
4pi
3
aibici ≈
miR
3
i
(
1− 
(i)
ρ
2
− (i)z
)
R3i
(
1− 
(i)
ρ
2
− (i)z
)
−R3i−1
(
1− 
(i−1)
ρ
2
− (i−1)z
)
m′′i = di
4pi
3
ai−1bi−1ci−1 ≈
miR
3
i−1
(
1− 
(i−1)
ρ
2
− (i−1)z
)
R3i
(
1− 
(i)
ρ
2
− (i)z
)
−R3i−1
(
1− 
(i−1)
ρ
2
− (i−1)z
) . (A.19)
To calculate the principal moments of inertia Ai, Bi, Ci of a homogeneous triaxial ellipsoidal layer when
the inner and the outer boundaries are not aligned is particularly complicated because the orientation of the
3Fig. 19 Scheme for the calculation of the mass and principal moments of inertia of a homogeneous ellipsoidal
layer as the subtraction of two homogeneous ellipsoids of same density di.
principal axes of inertia do not coincide with the axes of symmetry of both boundaries. In the sequence we
focus in the particular case in which the inner and the outer boundaries are aligned.
In this case, we can use the same scheme used to calculate the mass of the layer. The principal moments of
inertia of the layer, can be written as the subtraction of the principal moments of inertia of two homogeneous
ellipsoids of same density di: the principal moments of inertia of one homogeneous ellipsoid of mass m
′
i and
the same surface as the outer boundary of the layer, less the principal moments of inertia of the homogeneous
ellipsoid of mass m′′i and the same surface as the inner boundary of the layer. Using the semi axes (A.13) and
the masses (A.19), the principal moments of inertia can be approximated to first order in the flattenings as
Ai =
1
5
m′i
(
b2i + c
2
i
)
− 1
5
m′′i
(
b2i−1 + c
2
i−1
)
≈ 2
5
mi
R5i −R5i−1
R3i −R3i−1
(
1 +
∆(R3i 
(i)
ρ )
R3i −R3i−1
+
∆(R3i 
(i)
z )
R3i −R3i−1
− 3
2
∆(R5i 
(i)
ρ )
R5i −R5i−1
− 2 ∆(R
5
i 
(i)
z )
R5i −R5i−1
)
Bi =
1
5
m′i
(
a2i + c
2
i
)
− 1
5
m′′i
(
a2i−1 + c
2
i−1
)
≈ 2
5
mi
R5i −R5i−1
R3i −R3i−1
(
1 +
∆(R3i 
(i)
ρ )
R3i −R3i−1
+
∆(R3i 
(i)
z )
R3i −R3i−1
− 1
2
∆(R5i 
(i)
ρ )
R5i −R5i−1
− 2 ∆(R
5
i 
(i)
z )
R5i −R5i−1
)
Ci =
1
5
m′i
(
a2i + b
2
i
)
− 1
5
m′′i
(
a2i−1 + b
2
i−1
)
≈ 2
5
mi
R5i −R5i−1
R3i −R3i−1
(
1 +
∆(R3i 
(i)
ρ )
R3i −R3i−1
+
∆(R3i 
(i)
z )
R3i −R3i−1
− 1
2
∆(R5i 
(i)
ρ )
R5i −R5i−1
− ∆(R
5
i 
(i)
z )
R5i −R5i−1
)
, (A.20)
and its differences are
Ci −Ai ≈ Ci
(
∆(R5i 
(i)
ρ )
R5i −R5i−1
+
∆(R5i 
(i)
z )
R5i −R5i−1
)
Ci −Bi ≈ Ci ∆(R
5
i 
(i)
z )
R5i −R5i−1
Bi −Ai ≈ Ci ∆(R
5
i 
(i)
ρ )
R5i −R5i−1
, (A.21)
where ∆(fi) = fi− fi−1, denotes the increment of one function fi, between the inner and the outer boundaries
of this layer.
Using the same scheme used to calculate the mass and the principal moments of inertia, the corresponding
gravitational potential of this homogeneous triaxial layer at an external point r∗ is
Ui(r
∗) = −Gmi
r∗
− G(Bi −Ai)
2r∗5
(3x∗2 − r∗2) + G(Ci −Bi)
2r∗5
(3z∗2 − r∗2)
≈ −Gmi
r∗
− GCi
2r∗3
∆(R5i 
(i)
ρ )
R5i −R5i−1
(3 cos2 ϕ∗ sin2 θ∗ − 1) + GCi
2r∗3
∆(R5i 
(i)
z )
R5i −R5i−1
(3 cos2 θ∗ − 1), (A.22)
or
Ui(r
∗) = −Gmi
r∗
− 3GCi
4r∗3
∆(R5i 
(i)
ρ )
R5i −R5i−1
sin2 θ∗ cos 2ϕ∗ +
GCi
2r∗3
∆
(
R5i (

(i)
ρ
2
+ 
(i)
z )
)
R5i −R5i−1
(3 cos2 θ∗ − 1). (A.23)
4If we consider the static equilibrium figure, the flattenings can be written as
(k)ρ = Hkρ; (k)z = Gkz, (A.24)
where Hk and Gk are the Clairaut numbers. Then, the difference of the principal moments of inertia can be
approximated to first order in the flattenings as
Ci −Ai ≈ Ci(Liρ + L′iz)
Ci −Bi ≈ CiL′iz
Bi −Ai ≈ CiLiρ, (A.25)
where the parameters Li and L′i are
Li = HiR
5
i −Hi−1R5i−1
R5i −R5i−1
; L′i = GiR
5
i − Gi−1R5i−1
R5i −R5i−1
. (A.26)
The coefficients Li and L′i play a role equivalent to the coefficients Hi and Gi for the quantities Ci−Ai, Ci−Bi
and Bi−Ai. In this case, the moments of inertia Bi−Ai (resp. Ci−Bi) of the ith layer can be written as the
homogeneous moments multiplied by the coefficients Li (resp. L′i), characteristics of this layer. The difference
between Li and L′i comes from the fact that the body has a differential rotation. If we assume a rigid rotation,
then L′i = Li(Ω/n)2.
The corresponding gravitational potential of this homogeneous triaxial layer at an external point r∗ is
Ui(r
∗) = −Gmi
r∗
− G(Bi −Ai)
2r∗5
(3x∗2 − r∗2) + G(Ci −Bi)
2r∗5
(3z∗2 − r∗2)
≈ −Gmi
r∗
− GCiLi
2r∗3
ρ(3 cos
2 ϕ∗ sin2 θ∗ − 1) + GCiL
′
i
2r∗3
z(3 cos
2 θ∗ − 1), (A.27)
or
Ui(r
∗) = −Gmi
r∗
− 3GCiLi
4r∗3
ρ sin
2 θ∗ cos 2ϕ∗ +
GCi
2r∗3
(
Li ρ
2
+ L′iz
)
(3 cos2 θ∗ − 1). (A.28)
Although we do not calculate the principal moments of inertia when the inner and the outer boundaries are
not aligned, it is possible to calculate easily the gravitational potential with the same scheme used to calculate
the mass of the layer and the principal moments of inertia. The potential of the layer, can be written as the
subtraction of the potential of two homogeneous ellipsoids of same density di: the potential of one homogeneous
ellipsoid of mass m′i and the same surface as the outer boundary of the layer, given by the Eq. (A.16), less the
potential of the homogeneous ellipsoid of mass m′′i and the same surface as the inner boundary of the layer,
given by the Eq. (A.17).
The corresponding gravitational potential is
Ui(r
∗) = −Gmi
r∗
− 3GCi
4r∗3
∆(R5i 
(i)
ρ cos (2ϕ
∗ − 2φi))
R5i −R5i−1
sin2 θ∗ +
GCi
2r∗3
∆
(
R5i (

(i)
ρ
2
+ 
(i)
z )
)
R5i −R5i−1
(3 cos2 θ∗ − 1).
(A.29)
B Near-synchronous solution of the rotational equations
Using the convention 1 = core and 2 = shell, the rotational system of the two-layer model, given by Eq. (54),
can be written as
y˙1 = −T ∗11T1 +K1 sin 2ξ + F1(γ2y2 − γ1y1)
y˙2 = T
∗
21T1 − T ∗22T2 −K2 sin 2ξ −F2(γ2y2 − γ1y1), (B.1)
where, the rotational variables are
y1 =
ν1
γ1
=
2Ω1
γ1
− 2n
γ1
; y2 =
ν2
γ2
=
2Ω2
γ2
− 2n
γ2
, (B.2)
the tidal function Ti is
Ti =
∑
k,j∈Z
E2,kE2,k+j
(yi + Pik) cos (jnt) + sin (jnt)
1 + (yi + Pik)2
. (B.3)
5The constants are
T ∗ij =
2T
γi
HjR5j
R5i −R5i−1
; Ki = 2K
γiCi
; Fi = µ
γiCi
; Pik =
kn
γi
= kpi, (B.4)
and the tidal parameter T , is defined as
T = 45GM
2R3s
8mT a6
≈ 3n
2ρ
2
. (B.5)
We assume that the solution, to second order in eccentricity, can be written as
y1 = b10e
2 + c11e cos `+ s11e sin `+ c12e
2 cos 2`+ s12e
2 sin 2`
y2 = b20e
2 + c21e cos `+ s21e sin `+ c22e
2 cos 2`+ s22e
2 sin 2`, (B.6)
where bi0, cij and sij are undetermined coefficients. Introducing the solution (B.6) into the rotational system
(B.1) and expanding to second order in eccentricity, by identification of the terms with same trigonometric
argument, we can calculate these coefficients.
The derivatives of (B.6) are
y˙1 = ns11e cos `− nc11e sin `+ 2ns12e2 cos 2`− 2nc12e2 sin 2`
y˙2 = ns21e cos `− nc21e sin `+ 2ns22e2 cos 2`− 2nc22e2 sin 2`, (B.7)
The tidal function can be approximated by
Ti '
(
bi0 − 12pi
1 + p2i
+ qici1 + risi1
)
e2 +
(
ci1 − 4pi
1 + p2i
)
e cos `+
(
si1 − 4p
2
i
1 + p2i
)
e sin `
+
(
ci2 − 17pi
1 + 4p2i
+ qici1 − risi1
)
e2 cos 2`+
(
si2 − 34p
2
i
1 + 4p2i
+ rici1 + qisi1
)
e2 sin 2`, (B.8)
where the coefficients qi and ri are
qi =
3(2 + p2i + p
4
i )
2(1 + p2i )
2
; ri =
3pi
(1 + p2i )
2
. (B.9)
In the same way, the trigonometric function of the gravitational coupling can be approximated by
sin 2ξ = sin
[
tan−1
(
y2
1 + λ2(1 + y22)
)
− tan−1
(
y1
1 + λ1(1 + y21)
)]
'
(
b20
1 + λ2
− b10
1 + λ1
)
e2 +
(
c21
1 + λ2
− c11
1 + λ1
)
e cos `+
(
s21
1 + λ2
− s11
1 + λ1
)
e sin `
+
(
c22
1 + λ2
− c12
1 + λ1
)
e2 cos 2`+
(
s22
1 + λ2
− s12
1 + λ1
)
e2 sin 2`, (B.10)
and the amplitude of oscillation is
K =
32pi2G
75
H1H22ρd1d2R51E22,0
√
λ21 +
1 + 2λ1
1 + y21
√
λ22 +
1 + 2λ2
1 + y22
' 32pi
2G
75
H1H22ρd1d2R51(1 + λ1)(1 + λ2) +O(e2). (B.11)
The friction term is
γ2y2 − γ1y1 ' (γ2b20 − γ1b10) e2 + (γ2c21 − γ1c11) e cos `+ (γ2s21 − γ1s11) e sin `
+ (γ2c22 − γ1c12) e2 cos 2`+ (γ2s22 − γ1s12) e2 sin 2`. (B.12)
Replacing (B.7)-(B.12) into (B.1) and colecting the terms with same trigonometric argument, we can find
three linear sub-systems for the undetermined bi0, cij and sij , which can be written in vectorial notation as
D1Λ1 = T1P1
D2Λ2 = T1P2 − T1R2
DΛ0 = TP− TR, (B.13)
6where
Λ0 =
[
b10
b20
]
; Λ1 =
 c11c21s11
s21
 ; Λ2 =
 c12c22s12
s22
 , (B.14)
are the undetermined coefficients vectors. The constants matrices are defined as
T =
[
T ∗11 0−T ∗21 T ∗22
]
; T1 =
[
T 0
0 T
]
; D =
[
d11 d12
d21 d22
]
; D1 =
[
D nI
−nI D
]
; D2 =
[
D 2nI
−2nI D
]
, (B.15)
where I is the identity matrix and the coefficients dij are
d11 = T
∗
11 +
K1
1 + λ1
+ F1γ1; d12 = − K1
1 + λ2
−F1γ2;
d21 = −T ∗21 + K2
1 + λ1
+ F2γ1; d22 = T ∗22 − K2
1 + λ2
−F2γ2, (B.16)
and the vectors Pi and Ri are
P = 12
[
p1/(1 + p
2
1)
p2/(1 + p
2
2)
]
; R =
[
q1c11 + r1s11
q2c21 + r2s21
]
;
P1 = 4

p1/(1 + p
2
1)
p2/(1 + p
2
2)
p21/(1 + p
2
1)
p22/(1 + p
2
2)
 ; P2 = 17

p1/(1 + 4p
2
1)
p2/(1 + 4p
2
2)
2p21/(1 + 4p
2
1)
2p22/(1 + 4p
2
2)
 ; R2 =
 q1c11 − r1s11q2c21 − r2s21r1c11 + q1s11
r2c21 + q2s21
 . (B.17)
The solution of these sub-systems are
Λ1 = D
−1
1 T1P1
Λ2 = D
−1
2 T1P2 − D−12 T1R2
Λ0 = D
−1TP− D−1TR. (B.18)
Finally, the rotational solutions can be written as
ν1 = B10 +B11 cos (`+ φ11) +B12 cos (2`+ φ12)
ν2 = B20 +B21 cos (`+ φ21) +B22 cos (2`+ φ22), (B.19)
where the constants Bij and the phases φij are
Bi0 = γibi0e
2; Bij = γi
√
c2ij + s
2
ij e
j ; φij = − tan−1 (sij/cij). (B.20)
B.1 Tidal drift and the periodic terms
The tidal drift is the term Bi0 of the solution (B.19). It is
ν
(stat)
1 = B10 = γ1b10e
2 +O(e3)
ν
(stat)
2 = B20 = γ2b20e
2 +O(e3). (B.21)
This result can be rewritte as
ν
(stat)
1 =
12nκ11γ
2
1e
2
γ21 + n
2
+
12nκ12γ
2
2e
2
γ22 + n
2
− κ11γ1(q1c11 + r1s11)e2 − κ12γ2(q2c21 + r2s21)e2 +O(e3)
ν
(stat)
2 =
12nκ21γ
2
1e
2
γ21 + n
2
+
12nκ22γ
2
2e
2
γ22 + n
2
− κ21γ1(q1c11 + r1s11)e2 − κ22γ2(q2c21 + r2s21)e2 +O(e3). (B.22)
The coefficient κij can be written as κij = fij/g, where fij is
fij = δi,j
T C1C2
C
H1H2R52
R52 −R51
+
Djγi
γj
(1 + λi)K
(1 + λ1)(1 + λ2)
+Djγi µ
2
, (B.23)
δi,j is the Kronecker delta (δ1,1 = δ2,2 = 1 and δ1,2 = δ2,1 = 0), the parameter D1 and D2 are defined as
D1 =
(
C1 − C2R
5
1
R52 −R52
) H1
C
; D2 = C2R
5
2
R52 −R51
H2
C
(B.24)
7and the constant g is
g = f11 + f22 − T C1C2
C
H1H2R52
R52 −R52
. (B.25)
The two first terms of each Eq. (B.22)
Ni =
12nκi1γ
2
1e
2
γ21 + n
2
+
12nκi2γ
2
2e
2
γ22 + n
2
(B.26)
come from the non-periodic terms with |j| = 0, while the terms that involve ci1 and si1.
Pi = −κi1γ1(q1c11 + r1s11)e2 − κi2γ2(q2c21 + r2s21)e2, (B.27)
come from the periodic terms with |j| = 1. The harmonic terms with |j| = 2, do not contribute to the stationary
rotation at order e2.
It is worth emphasizing that in the absence of friction and gravitational coupling, that is, K = µ = 0, the
coefficient κij = δi,j . Then, the non-periodic tidal drift of the ith layer has the same expression that the excess
rotation in the case of a homogeneous body, with γi instead of γ
ν
(stat)
i =
12nγ2i e
2
γ2i + n
2
+O(e3). (B.28)
In the case n/γ1  1, n/γ2  1, an elementary calculation shows that each coefficient κij becomes
independent of the friction parameter µ, depending only on the internal structure and on the relaxation factors
γ1 and γ2, with fij tending to
fij = δi,j
T C1C2
C
H1H2R52
R52 −R51
+
Djγi
γj
(1 + λi)K
(1 + λ1)(1 + λ2)
. (B.29)
In the case n/γ1  1, n/γ2  1, each coefficient κij becomes independent of T , K and µ, depending only
on the internal structure and on the relaxation factors γ1 and γ2, tending to
κij =
Djγi
D1γ1 +D2γ2 , (B.30)
and the stationary solution tends to synchronous rotation.
The periodic terms have amplitudes Bi1 and Bi2, given by the Eq. (B.20). The coefficients cij and sij gives
rise to intricate analytical expressions, but are easy to calculate numerically. Fig. 20 shows one example for
the Titan’s core and the shell constants B1j and B2j , respectively, in function of the shell relaxation factor
γ2 (see Table 1-4). We use that the core relaxation factor is γ1 = 10
−8 s−1, and fix the ocean’s viscosity and
thickness values to ηo = 10
−3 Pa s and h = 178 km, respectively. We also plot the non-periodic Ni and periodic
Pi terms, separately, and the total tidal drift Bi0 = Ni + Pi. We can observe that if γ2 & 10−7.5 s−1, the shell
oscillates around the super-synchronous rotation. When γ2 . 10−7.5 s−1, the tidal drift B20 becomes negative
and tends to zero, that is, the shell oscillates around the synchronous rotation, with a period of oscillation
equal to the orbital period. The negative sign of the tidal drift B20, is due to the contribution of the periodic
terms P2, which becomes negative and |P2|  N2. Finally, if γ2 . 10−8 s−1, the amplitude of the shell rotation
decreases, tending to zero when γ2 decreases. On the other hand, the core oscillates around the synchronous
rotation, with a period of oscillation equal to the orbital period, independently of the shell relaxation factor.
This behavior is confirmed by the numerical simulations of non-approximate system (see Sec. 10).
In Fig. 21, we show the comparison of the Titan’s shell rotation in the complete non-linear system given
by Eq. (B.1) and in the approximate analytical solution given by Eq. (B.19), for some values of the core’s
relaxation factor γ1 and ocean thickness h. The dashed red lines show the maximum and minimum values of
Ω2 − n given by the approximate solution, taking into account only the first harmonic (|j| ≤ 1), while the
solid black lines show the maximum and minimum values of Ω2 − n when the complete non-linear system is
integrated (using |j| ≤ 7). The approximate solution is in excellent agreement with numerical integration of
the equations.
B.2 Atmospheric influence
When we consider the effect of the atmosphere, the rotational system becomes
y˙1 = −T ∗11T1 +K1 sin 2ξ + F1(γ2y2 − γ1y1)
y˙2 = T
∗
21T1 − T ∗22T2 −K2 sin 2ξ −F2(γ2y2 − γ1y1) +A sin 2α. (B.31)
where
A = 2A
γ2
. (B.32)
8Fig. 20 The tidal drift Bi0 (black solid lines), the contribution of the non-periodic tidal drift Ni (black dashed
lines) and the periodic tidal drift Pi (black dotted lines) to the tidal drift, and the amplitudes of oscillation of
the periodic terms Bi1 (red solid lines) and Bi2 (blue solid lines), of the Titan’s core and shell in function of the
shell relaxation factor γ2. The core relaxation factor is γ1 = 10
−8 s−1 and the ocean’s viscosity and thickness
are ηo = 10
−3 Pa s and h = 178 km, respectively (see Tables 1-4). Left : The parameter of the core. Right : The
parameters of the shell. We also plot the negative values of B20 (green solid line) and P2 (green dotted line).
Fig. 21 Comparison of the amplitudes of the shell rotation and corresponding length-of-day variation of
Titan, between the numerical integration of the system Eq. (54) (solid black lines) and the analytical solution
νi ' Bi0 +Bi1 cos (`+ φi1) (dashed red lines), when ηo = 10−3 Pa s. We also plot the stationary solution given
by Bi0 (solid orange line). The horizontal dashed lines show the confidence interval of the observed values, as
determined by Meriggiola (2016) (blue) and by Stiles et al. (2010) (green).
We assume that the particular solution
y1 = C1 cos 2α + S1 sin 2α
y2 = C2 cos 2α + S2 sin 2α, (B.33)
can be added to (B.6) to obtain the general solutions of the complete equation. Cj and Sj are undetermined
coefficients to be obtained by substitution of the parts of the solution into Eq. (B.31) and identification.
The derivative of (B.33) is
y˙1 = −2nC1 sin 2α + 2nS1 cos 2α
y˙2 = −2nC2 sin 2α + 2nS2 cos 2α. (B.34)
9The tidal function can be approximated by
Ti ' Ci cos 2α + Si sin 2α, (B.35)
the trigonometric function of the gravitational coupling can be approximated by
sin 2ξ '
(
C2
1 + λ2
− C1
1 + λ1
)
cos 2α +
(
S2
1 + λ2
− S1
1 + λ1
)
e2 sin 2α, (B.36)
and the friction term is
γ2y2 − γ1y1 ' (γ2C2 − γ1C1) cos 2α + (γ2S2 − γ1S1) sin 2α. (B.37)
Defining the constant matrix D and the constant vectors Λ, P, as
D =
[
D 2nI
−2nI D
]
; Λ =
C1C2S1
S2
 ; P = A
 000
1
 , (B.38)
the undetermined coefficient vector is
Λ = D
−1
 P. (B.39)
In Fig. 22, we show the same comparison of the Titan’s shell rotation in the complete non-linear system
and in the approximate analytical solution of the above section. The approximate solution, also is in excellent
agreement with numerical integration. It is important to note that the fact that the approximate solution of
the non-linear system (B.31) can be expressed as the sum of solutions (B.6) and (B.33), it means that this
system has a behavior quasi-linear, at least for the Titan’s problem.
Fig. 22 Same as Fig. 21, including the atmospheric influence.
C The integral of section 6
Proposition:
1
2pi
∫ 2pi
0
Ω2j
(a
r
)4
sin v d` = 0. (C.1)
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To prove (C.1), we consider only the tidal force. Introducing the adimensinals variables and time
yi =
νi
γi
; x = nt = `, (C.2)
the rotational system can be written as
y˙1 = −T ∗11
∑
k,j∈Z
E2,kE2,k+j
(y1 + P1k) cos (jx) + sin (jx)
1 + (y1 + P1k)2
y˙2 = −T ∗22
∑
k,j∈Z
E2,kE2,k+j
(y2 + P2k) cos (jx) + sin (jx)
1 + (y2 + P2k)2
+T ∗21
∑
k,j∈Z
E2,kE2,k+j
(y1 + P1k) cos (jx) + sin (jx)
1 + (y1 + P1k)2
...
y˙N = −T ∗NN
∑
k,j∈Z
E2,kE2,k+j
(yN + PNk) cos (jx) + sin (jx)
1 + (yN + PNk)2
+T ∗NN−1
∑
k,j∈Z
E2,kE2,k+j
(yN−1 + PN−1k) cos (jx) + sin (jx)
1 + (yN−1 + PN−1k)2
. (C.3)
where the constants
T ∗ij =
2T
γin
HjR5j
R5i −R5i−1
; Pik =
kn
γi
. (C.4)
In low-γ approximation (γi  n), we can neglet the terms k 6= 0. If we consider only the terms j = 0, the
system becomes
y˙1 = −T
∗
11E
2
2,0y1
1 + y21
y˙2 = −T
∗
22E
2
2,0y2
1 + y22
+
T ∗21E
2
2,0y1
1 + y21
...
y˙N = −T
∗
NNE
2
2,0yN
1 + y2N
+
T ∗NN−1E
2
2,0yN−1
1 + y2N−1
. (C.5)
In the same way in Ferraz-Mello (2015), each solution of this system tends to zero. The role of the terms
j 6= 0 are periodic fluctuations which are the harmonics of the orbital period are that added to the solution. If
we consider the terms j 6= 0, we have that yi  1, and the rotational system is
y˙i = −
∑
j∈Z j 6=0
Kij sin (jx), (C.6)
where Kij = (T
∗
ii − T ∗ii−1)E2,0E2,j . The solution of this differential equation is
yi(x) = yi0 −Kij +
∑
j∈Z j 6=0
Kij
j
cos (jx), (C.7)
or, in term of the angular velocity, we obtain
Ωi = Ωi0 − γiKij
2
+
∑
j∈Z j 6=0
γiKij
2j
cos (jnt). (C.8)
Therefore, the square of the angular velocity of the jth layer can be written as
Ω2j =
∞∑
k=0
Ajk cos k`. (C.9)
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Finally, the integral (C.1) is
1
2pi
∫ 2pi
0
Ω2j
(a
r
)4
sin v d` =
∞∑
k=0
Ajk
2
(
1
2pi
∫ 2pi
0
(a
r
)4
sin (v + k`) d`− 1
2pi
∫ 2pi
0
(a
r
)4
sin (v − k`) d`
)
= 0. (C.10)
In high-γ approximation (γi  n), we can neglet Pik, then, the system can be written as
y˙1 = −T ∗11
∑
k,j∈Z
E2,kE2,k+j
y1 cos (jx) + sin (jx)
1 + y21
y˙2 = −T ∗22
∑
k,j∈Z
E2,kE2,k+j
y2 cos (jx) + sin (jx)
1 + y22
+ T ∗21
∑
k,j∈Z
E2,kE2,k+j
y1 cos (jx) + sin (jx)
1 + y21
...
y˙N = −T ∗NN
∑
k,j∈Z
E2,kE2,k+j
yN cos (jx) + sin (jx)
1 + y2N
+ T ∗NN−1
∑
k,j∈Z
E2,kE2,k+j
yN−1 cos (jx) + sin (jx)
1 + y2N−1
.
(C.11)
If we consider only the terms j = 0, the system becomes
y˙1 = −T ∗11
∑
k∈Z
E22,k
y1
1 + y21
y˙2 = −T ∗22
∑
k∈Z
E22,k
y2
1 + y22
+ T ∗21
∑
k∈Z
E22,k
y1
1 + y21
...
y˙N = −T ∗NN
∑
k∈Z
E22,k
yN
1 + y2N
+ T ∗NN−1
∑
k∈Z
E22,k
yN−1
1 + y2N−1
, (C.12)
which is identical to the system C.5, with
∑
k∈ZE
2
2,k instead of E
2
2,0. Therefore, each solution of this system
tends to zero. As in low-γ approximation, the role of the terms j 6= 0 are periodic fluctuations which are the
harmonics of the orbital period are added to the solution. If we consider the terms j 6= 0, we have that yi  1,
and the rotational system is
y˙i = −
∑
j∈Z j 6=0
K′ij sin (jx), (C.13)
where K′ij = (T
∗
ii − T ∗ii−1)
∑
k∈ZE2,kE2,k+j . Using the solution of the low-γ approximation, then, the angular
velocity is
Ωi = Ωi0 − γiK
′
ij
2
+
∑
j∈Z j 6=0
γiK
′
ij
2j
cos (jnt), (C.14)
and the integral (C.1) is zero.
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